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Abstract. The strong conical hull intersection property and bounded linear regularity are properties of
a collection of finitely many closed convex intersecting sets in Euclidean space. These fundamental notions
occur in various branches of convex optimization (constrained approximation, convex feasibility problems,
linear inequalities, for instance). It is shown that the standard constraint qualification from convex analysis
implies bounded linear regularity, which in turn yields the strong conical hull intersection property. Jameson’s
duality for two cones, which relates bounded linear regularity to property (G), is re-derived and refined. For
polyhedral cones, a statement dual to Hoffman’s error bound result is obtained. A sharpening of a result on
error bounds for convex inequalities by Auslender and Crouzeix is presented. Finally, for two subspaces,
property (G) is quantified by the angle between the subspaces.
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1. Introduction

An intriguing list of topics

We start with an informal discussion of several topics, which appear to be quite different
from each other, drawn from convex optimization and bordering fields.

Constrained interpolation and optimization In a series of papers ([8], [9], [15], [14]),
Deutschet al.studied the problem of constrained interpolation from a convex subset
or cone. One of the central ingredients in their analysis is the(strong) conical hull
intersection property (“(strong) CHIP”) , which captures a geometric property of
the constraints. (See [16] and [11] for applications and further results.) Indeed, as
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shown recently by Deutschet al. [13], [12], the property strong CHIP characterizes
a strong relationship for a certain pair of optimization problems.

Projection algorithms The convex feasibility problem and the best approximation
problem are often solved iteratively by projection algorithms. Result on (the rate of)
convergence requirebounded linear regularity of the constraints. (Details can be
found,e.g., in [4], [5], and [24].)

Duality theory for convex cones Jameson introduced in [22] a duality theory for two
closed convex cones in a Banach space. He gave a generalization of the well-known
fact (see, for instance, [23, Corollary 35.6]) that the sum of two closed subspaces in
Banach space is closed if and only if the sum of their complements is. In our finite-
dimensional setting, this linear result is trivial; for cones, however, several important
questions remain unanswered. Central to Jameson’s study is theproperty (G) .

Systems of linear inequalitiesIn 1952, Hoffman [20] proved that the distance from an
arbitrary point to the solution set of a system of linear inequalities is bounded above
by a constant times the norm of the residual. This important result, which relies on
the polyhedrality of the underlying system, is commonly referred to asHoffman’s
error bound result . (A good starting point to generalizations and applications is
Burke and Tseng’s [7].)

Systems of convex inequalitiesBecause of non-polyhedrality, different tools are re-
quired to tackle this natural generalization of the linear-inequality-case. Typically,
existence of error bounds is guaranteed under constraint qualifications. (For
additional information, see Lewis and Pang’s recent [26].)

Geometry of two subspacesThe rate of convergence of von Neumann’s method of
alternating projections can be formulated in terms of theangle between the sub-
spaces. (See Deutsch’s recent survey [10].)

The aim of this paper is to exhibit the (sometimes surprising) relationships among
these topics, and to improve and unify results on the underlying common notions.

Before we describe our main result, let us fix some notation.

Notation

Throughout the paper,

X is some Euclidean space with inner product〈·, ·〉 and induced norm‖ · ‖.
The language employed follows Rockafellar’s classical [32] and/or the more recent

books [18,19] by Hiriart-Urruty and Lemaréchal. These books contain all standard facts
of convex analysis.

Notation is fairly standard: We writeBX for theunit ball {x ∈ X : ‖x‖ ≤ 1}, SX for
theunit sphere{x ∈ X : ‖x‖ = 1}, andB(z; r) for z+ rBX, wherez ∈ X andr ≥ 0.
Given convex functionsf andg on X, thedomain(conjugate functionof f , gradient
of f , subdifferentialof f , positive partmax{ f,0} of f , infimal convolutionof f and
g, resp.) is denoted by domf ( f ∗, ∇ f , ∂ f , f+, f�g, resp.). The infimal convolution
f�g is exactat a pointx, if the infimum( f�g)(x) = infu+v=x f(u)+ g(v) is attained.

By a conewe mean anonemptyset inX closed under nonnegative scalar multipli-
cation; cones thus always contain the origin.
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SupposeS is a set inX. The interior (resp.relative interior, boundary, closure,
convex hull, convex conical hull, affine span, linear span, (negative) polar, orthogonal
complement, indicator function) of S is denoted intS, (resp. riS, bdS, cl S, convS,
coneS, aff S, spanS, S	, S⊥, ιS). We abbreviate expressions like sups∈S〈x, s〉 by a more
concise sup〈x, S〉. Assuming now thatS is closed, convex, and nonempty, we remark
thatSinduces adistance functiond(·, S) = ‖·‖�ιS and the correspondingprojectionor
nearest point mappingPS. If x ∈ S, then thetangent cone(resp.normal cone) of Sat x
is denotedTS(x) (resp.NS(x)). ThusTS(x) = cl (cone(S− x)) andNS(x) = (S− x)	.
Finally, we use the acronyms “TFAE” (the following are equivalent) and “WLOG”
(without loss of generality).

Main definitions and discussion of the results

For the remainder of this introduction, let us suppose that

C1, . . . ,Cm are finitely many closed convex sets inX with C :=⋂i Ci 6= ∅.
We define the aforementioned concepts and recall the standard constraint qualifica-

tion, ubiquitous in convex optimization.

(Strong) CHIP [8,15] The collection{C1, . . . ,Cm} hasstrong CHIP(resp.CHIP), if
NC(x) =∑i NCi (x) (resp.TC(x) =⋂i TCi (x)), for everyx ∈ C.

Bounded linear regularity [4] The collection {C1, . . . ,Cm} is boundedly linearly
regular, if for every bounded subsetSof X, there existsκS> 0 such thatd(x,C) ≤
κSmaxi d(x,Ci ), for everyx ∈ S.

Property (G) [22] Provided that eachCi is a cone, the collection{C1, . . . ,Cm} has
property (G), if there existsα > 0 such thatBX ∩∑i Ci ⊆ α∑i (Ci ∩ BX).

Standard constraint qualification The collection{C1, . . . ,Cm} satisfies thestandard
constraint qualification, if there existsr ∈ {0, . . . ,m} such thatCr+1, . . . ,Cm are
polyhedral and

⋂r
i=1 ri(Ci ) ∩⋂m

i=r+1 Ci 6= ∅.
Our main results can be summarized as follows.

R1 The standard constraint qualification implies bounded linear regularity — a new
proof via convex analysis.

R2 Bounded linear regularity implies strong CHIP.
R3 Property (G) holds for convex polyhedral cones.
R4 Bounded linear regularity and CHIP are the same properties whenC is singleton or

eachCi is smooth onC.

The proofs are mostly rooted in convex analysis. Result R1, which appears to be
a “folk theorem” that can be proved usingmetric regularity(see also Remark 5), gives
a very simple and natural criterion for bounded linear regularity. Consequently, several
results on projection algorithms have now a broader range of applicability.

Similarly, in the area of constrained interpolation, the Result R2 recovers and sharp-
ens many known instances of strong CHIP.

In the context of polyhedral cones (or homogeneous linear inequalities), Result R3
is dual to Hoffman’s fundamental error bound result.
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Result R4 suggests that examples distinguishing the properties bounded linear reg-
ularity, strong CHIP, and CHIP, are not very easy to come by. Indeed, the conical
counter-examples appearing in [6] reside inR4 and are quite involved.

Two notable applications are the following.

A1 A sharpening of Auslender and Crouzeix’s classical result on the existence of error
bounds.

A2 An explicit formula relating the best possible constant in the definition of prop-
erty (G) to the angle (for two subspaces).

Organization of the paper

In Section 2, we define a norm on the sum of a collection of finitely many closed convex
cones; this “cone norm” is equivalent to the given norm precisely when the collection
has property (G). Due to the well-known equivalence of norms on finite-dimensional
vector spaces, this happens whenever the sum is linear. Convex calculus implies that
the collection is boundedly linearly regular if and only if it has strong CHIP and the
collection of polar cones has property (G). By Hoffman’s famous error bound result,
this holds for polyhedral cones. Result R3 follows. For later use, we derive technical
extensions for collections of closed convex sets.

We show the following in Section 3: for a collection of finitely many closed convex
intersecting sets, bounded linear regularity implies strong CHIP (Result R2) and hence
CHIP. Since the converse implications are false in general, we exhibit conditions under
which bounded linear regularity, strong CHIP, and CHIP do coincide (Result R4).
Examples of collections that are boundedly linearly regular (and hence strong CHIP)
are presented.

The fourth section contains an entirely self-contained proof that the standard con-
straint qualification implies bounded linear regularity (Result R1).

The foregoing results are applied to systems of convex inequalitiesf1(x) ≤ 0, . . . ,
fm(x) ≤ 0 in Section 5; each setCi is given by the sublevel set{x ∈ X : fi (x) ≤ 0}.
Linear regularity (the “global version” of bounded linear regularity) of{C1, . . . ,Cm}
follows when the weak Slater and the asymptotic constraint qualification both hold; this
improves upon a result by Auslender and Crouzeix.

In the final Section 6, we focus on two closed convex cones. Jameson’s result that the
two cones are boundedly linearly regular exactly when their polars have property (G)
is re-derived and refined. Finally, for two subspaces, property (G) is quantified by the
angle.

2. Property (G) and Hoffman’s error bound

Renorming the sum of finitely many closed convex cones

Definition 1. SupposeK1, . . . , Km are finitely many closed convex cones inX. Let
K := K1+· · ·+ Km, X := Xm, K := K1×· · ·× Km, and thesum operatorSbe given
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by

X→ X : x = (x1, . . . , xm) 7→∑
i xi .

Suppose that||| · ||| is a norm onX. Then we define

|||x|||K := min
{|||x||| : x ∈ K , Sx = x

}
, ∀x ∈ K.

Remark 1.The notation||| · |||K is very concise but not entirely unambiguous, because
the sumK does not uniquely determine its terms. However, we hope that it will always
be clear from the context which terms are meant. Note that the minimum really is
a minimum,i.e., the infimum is attained (sinceK ∩ S−1(x) is closed,∀x ∈ K ).

The following elementary proposition shows that||| · |||K acts like a norm onK ;
hence we refer to||| · |||K loosely as a “cone norm” onK .

Proposition 1. SupposeK1, . . . , Km are finitely many closed convex cones inX. Let
K :=∑i Ki andx ∈ K . Then:

(i) |||x|||K ≥ 0; moreover,|||x|||K = 0 ⇔ x = 0.
(ii) For everyλ ∈ R such thatλx ∈ K : |||λx|||K = |λ| |||x|||K .
(iii) For every y ∈ K : |||x+ y|||K ≤ |||x|||K + |||y|||K .

Definition 2. SupposeK1, . . . , Km are finitely many closed convex cones inX. Let
K :=∑i Ki . Suppose further the product spaceXm is equipped with the norm||| · |||,
defined as follows: for some fixedp ∈ [1,+∞], |||x||| = ‖(‖xi‖)i‖p, ∀x = (xi )i ∈ Xm.
Then we write‖ · ‖K,p for ||| · |||K , and simply‖ · ‖K whenp= 2.

We omit the proof of the following elementary result.

Proposition 2. SupposeK1, . . . , Km are finitely many closed convex cones inX. Let
K :=∑i Ki . Then the “cone norms” of Definition 2 are all equivalent in the following
sense:‖x‖K,∞ ≤ ‖x‖K,p ≤ ‖x‖K,1 ≤ m‖x‖K,∞, ∀x ∈ K,∀p ∈ [1,+∞]. Also,
‖x‖ ≤ ‖x‖K,1 ≤ √m‖x‖K , ∀x ∈ K .

Jameson’s property (G)

Remark 2.Jameson introduced property (G) for two closed convex cones in a locally
convex vector space in the early 1970s. The results he obtained in [22] hold in a quite
abstract setting, their proofs require more sophisticated tools from Functional Analysis.
We will reprove some of his results in our setting; our proofs are much simpler.

Proposition 3. (see also [22, Proposition 5]) SupposeK1, . . . , Km are finitely many
closed convex cones inX. If {K1, . . . , Km} has property (G), then

∑
i Ki is closed.

Proof. Let K := ∑
i Ki andα > 0 such thatK ∩ BX ⊆ α

∑
i (Ki ∩ BX). Fix an

arbitraryx̄ ∈ cl (K). After scaling if necessary, we assume WLOG that‖x̄‖ < 1. Then
x̄ ∈ cl (K ∩ BX) ⊆ αcl (

∑
i (Ki ∩ BX)). But the terms in the last sum are all compact,

hence so is the set
∑

i (Ki ∩ BX). It follows thatx̄ ∈ α∑i (Ki ∩ BX) ⊆ K .
ut
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Proposition 4. SupposeK1, . . . , Km are finitely many closed convex cones inX. Let
K :=∑i Ki . Suppose furtherα > 0. ThenK ∩BX ⊆ α

[
(K1∩BX)+· · ·+ (Km∩BX)

]
if and only if‖x‖K,∞ ≤ α‖x‖, ∀x ∈ K .

Proof. “⇒”: In view of Proposition 1.(ii), we can assume WLOG that‖x‖ = 1. By
assumption, there existyi ∈ Ki ∩BX,∀i , such thatx = α∑i yi . Letxi := αyi ∈ Ki , ∀i .
Thenx =∑i xi and hence‖x‖K,∞ ≤ maxi ‖xi‖ = αmaxi ‖yi‖ ≤ α, as desired.
“⇐”: Supposex ∈ K ∩ BX. Recall that the minimum in the definition of‖x‖K,∞ is
attained; thus, there existxi ∈ Ki , ∀i , such thatx =∑i xi and‖x‖K,∞ = maxi ‖xi‖ ≤
α‖x‖ ≤ α. Let yi := xi/α ∈ Ki∩BX,∀i . Thenx = α∑i yi and the proof is complete.

ut
Corollary 1. SupposeK1, . . . , Km are finitely many closed convex cones inX. Let
K := ∑i Ki . Then the collection{K1, . . . , Km} has property (G) if and only if there
existsα > 0 and p ∈ [1,+∞] such that‖x‖K,p ≤ α‖x‖, ∀x ∈ K .

Proof. Combine Proposition 4 with Proposition 2.
ut

Proposition 5. (see also [22, Proposition 43]) SupposeK1, . . . , Km are finitely many
closed convex cones inX such that

∑
i Ki is linear. Then{K1, . . . , Km}has property (G).

Proof. Let K := ∑
i Ki . Not only is K is linear but also‖ · ‖ and‖ · ‖K are norms

on K (Proposition 1). Hence these two norms are equivalent ([35, Corollary 3]). By
Corollary 1,{K1, . . . , Km} has property (G).

ut
Proposition 6. (see also Jameson’s [22, Theorem 2.1]) SupposeC1, . . . ,Cm are
finitely many closed convex cones inX andα > 0. Let C := ⋂i Ci and K :=∑i C	i .
Then TFAE:

(i) α1
2d2(x,C) ≤∑i

1
2d2(x,Ci ), ∀x ∈ X.

(ii) K = C	 and min
{∑

i
1
2‖x∗i ‖2 : each x∗i ∈ C	i ,

∑
i x∗i = x∗

} ≤ 1
α

1
2‖x∗‖2,

∀x∗ ∈ K .
(iii) K = C	 and‖x∗‖K ≤ 1√

α
‖x∗‖, ∀x∗ ∈ K .

Proof. Recall that cl(K) ⊆ C	. Setg := α1
2d2(·,C) = α(1

2‖ · ‖2�ιC). Theng∗ :=
1
α

1
2‖ · ‖2 + ιC	 . Further set fi := 1

2d2(·,Ci ), ∀i , then f ∗i := 1
2‖ · ‖2 + ιC	i . The

functionsg, f1, . . . , fm are closed convex proper; hence so isf := ∑
i fi . Because

each fi is everywhere continuous, we learn thatf ∗ = f ∗1� · · ·� f ∗m; moreover, this
infimal convolution isexacton domf ∗ = K (by [32, Theorem 16.4]). Using this, we
obtain: (i)⇔ g ≤ f ⇔ f ∗ ≤ g∗ ⇔ inf

{∑
i

1
2‖x∗i ‖2 : each x∗i ∈ C	i ,

∑
i x∗i = x∗

}
≤ 1

α
1
2‖x∗‖2 + ι∗C	(x∗), ∀x∗ ∈ X ⇔ K = C	 and min

{∑
i

1
2‖x∗i ‖2 : each x∗i ∈

C	i ,
∑

i x∗i = x∗
} ≤ 1

α
1
2‖x∗‖2, ∀x∗ ∈ K ⇔ (ii) ⇔ (iii).

ut
Remark 3.Proposition 6 says that “linear regularity (see Definition 3 below) of the
original cones is equivalent to strong CHIP of the original cones and property (G) of the
dual cones”; this will be refined in Theorem 10. Jameson’s proof is very different from
the present convex analytical approach.
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Consequences of Hoffman’s error bound

The classical Hoffman error bound result can be reformulated as follows.

Fact 1. (Hoffman [20]; 1952) SupposeC1, . . . ,Cm are finitely many convex poly-
hedral subsets ofX with C := ⋂

i Ci 6= ∅. Then there existsα > 0 such that
α1

2d2(x,C) ≤∑i
1
2d2(x,Ci ), ∀x ∈ X.

Proof. See [4, Corollary 5.26].
ut

Our reformulation of Hoffman’s result is somewhat unusual; however, it allows
a direct application of Proposition 6. For instance, we deduce (using also Corollary 1)
the following result, dual to Hoffman’s result.

Corollary 2 (Dual of Hoffman’s error bound). Every finite collection of convex poly-
hedral cones has property (G).

The next result is a useful extension of Corollary 2.

Theorem 1. SupposeC1, . . . ,Cm are finitely many convex polyhedral subsets ofX
with C :=⋂i Ci 6= ∅. Then there existsβ > 0 such that

min
{∑

i ‖yi‖ : eachyi ∈ NCi (c),
∑

i yi = y
} ≤ β‖y‖, ∀c ∈ C,∀y ∈ NC(c).

Proof. For brevity, let us writeTi for TCi , ∀i . Note that (by [32, Corollary 23.8.1])
NC(c) = ∑

i NCi (c) and thus (by taking polars and [32, Corol-
lary 16.4.2])TC(c) = ⋂

i Ti (c), ∀c ∈ C. Now consider the collection ofm-tuples
of tangent conesT := {(T1(c), . . . , Tm(c)) : c ∈ C

}
. Because eachCi is polyhedral,

[18, Examples III.5.2.6.(b)] implies that the collectionT is finite: there exist finitely
manyc1, . . . , cn ∈ C such thatT = ⋃

j∈{1,... ,n}
{
(T1(cj ), . . . , Tm(cj ))

}
. Now every

tangent coneTi (cj ) is polyhedral andTC(cj ) = ⋂
i Ti (cj ), ∀ j , so Hoffman’s result

(Fact 1) yields the existence of positive realsα1, . . . , αn such thatα j
1
2d2(x, TC(cj )) ≤∑

i
1
2d2(x, Ti (cj )), ∀x ∈ X,∀ j ∈ {1, . . . ,n}. Hence after setting

α := min{α1, . . . , αn} > 0, we obtainα1
2d2(x, TC(c)) ≤ ∑i

1
2d2(x, Ti (c)), ∀x ∈ X,

∀c ∈ C. Set K(c) := ∑
i T	i (c) =

∑
i NCi (c) = NC(c) = T	C (c), ∀c ∈ C. Then

Proposition 6 results in‖y‖K(c) ≤ 1√
α
‖y‖, ∀c ∈ C, ∀y ∈ K(c). Use Proposition 2

to further get 1√
m
‖y‖K(c),1 ≤ ‖y‖K(c) ≤ 1√

α
‖y‖, ∀c ∈ C, ∀y ∈ K(c). Therefore, the

desired inequality holds withβ := √m/α.
ut

We conclude this section with an extension of Theorem 1 to the case when nonpoly-
hedral sets are involved; this will turn out to be very useful in the later development.

Theorem 2. SupposeC1, . . . ,Cm are finitely many closed convex sets inX, where,
for somer ∈ {0, . . . ,m}, the setsCr+1, . . . ,Cm are polyhedral. Suppose further
z ∈ ⋂r

i=1 ri(Ci ) ∩ ⋂m
i=r+1 Ci and let C := ⋂m

i=1 Ci . Then NC(x) = ∑
i NCi (x),
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∀x ∈ C. Let Ai := aff (Ci ), ∀i ∈ {1, . . . , r } andδ > 0 such thatAi ∩ B(z; δ) ⊆ Ci ,
∀i ∈ {1, . . . , r }. Then there existsβ > 0, independent ofz andδ, such that

min
{∑m

i=1 ‖yi‖ : eachyi ∈ NCi (x),
∑m

i=1 yi = y
} ≤ ‖x−z‖(1+β)+δβ

δ
‖y‖,

∀x ∈ C,∀y ∈ NC(x).

Proof. The statement concerning the normal cones follows from [32, Corollary 23.8.1].
Let Li := span(Ci − z) so that Ai = z + span(Ci − z) = z + Li = Ci + Li ,
∀i ∈ {1, . . . , r }. Define furtherD0 := ⋂r

i=1 Ai ∩ ⋂m
i=r+1 Ci and Di := Ci + L⊥i ,

∀i ∈ {1, . . . , r }. After verification of(Ci + Li ) ∩ (Ci + L⊥i ) = Ci , ∀i ∈ {1, . . . , r }, it
is easy to see thatC = ⋂r

i=0 Di . Let us fix momentarilyi ∈ {1, . . . , r } andb ∈ BX.
Write b = l i + l⊥i , wherel i ∈ Li and l⊥i ∈ L⊥i . Thenl i , l⊥i ∈ BX. Hencez+ δb =
(z+ δl i )+ δl⊥i ∈ (B(z; δ)∩ Ai )+ L⊥i ⊆ Ci + L⊥i . ThusB(z; δ) ⊆ Di , ∀i ∈ {1, . . . , r }
and soz ∈ D0 ∩⋂r

i=1 int (Di ), which in turn implies (by [32, Corollary 23.8.1] again)
NC(x) = ∑r

i=0 NDi (x), ∀x ∈ C. For the remainder of the proof, fixx ∈ C and
y ∈ NC(x) =∑m

i=1 NCi (x) =
∑r

i=0 NDi (x). Obtainȳi ∈ NDi (x),∀i ∈ {0, . . . , r } such
that y = ∑r

i=0 ȳi . Then〈x, ȳi 〉 = sup〈Di , ȳi 〉 ≥ sup〈B(z; δ), ȳi 〉 = 〈z, ȳi 〉 + δ‖ȳi‖,
∀i ∈ {1, . . . , r } and〈x, ȳ0〉 = sup〈D0, ȳ0〉 ≥ 〈z, ȳ0〉. Hence〈x, y〉 = ∑r

i=0〈x, ȳi 〉 ≥∑r
i=0〈z, ȳi 〉 + δ∑r

i=1 ‖ȳi‖ = 〈z, y〉 + δ∑r
i=1 ‖ȳi‖, which implies

r∑
i=1

‖ȳi‖ ≤ 1

δ
〈x− z, y〉 ≤ ‖x− z‖

δ
‖y‖ (1)

and further

‖ȳ0‖ =
∥∥∥∥∥y−

r∑
i=1

ȳi

∥∥∥∥∥ ≤ ‖y‖ +
r∑

i=1

‖ȳi‖ ≤ ‖x− z‖ + δ
δ

‖y‖. (2)

Now A1, . . . , Ar ,Cr+1, . . . ,Cm are polyhedral and their intersection equalsD0. By
Theorem 1, there existβ > 0 (depending only onA1, . . . , Ar , Cr+1, . . . ,Cm) and
ỹi ∈ NAi (x) = L⊥i , ∀i ∈ {1, . . . , r }, yi ∈ NCi (x), ∀i ∈ {r + 1, . . . ,m} such that∑r

i=1 ỹi +∑m
i=r+1 yi = ȳ0 and

∑r
i=1 ‖ỹi‖ +∑m

i=r+1 ‖yi‖ ≤ β‖ȳ0‖. (3)

Defineyi := ȳi + ỹi , ∀i ∈ {1, . . . , r }. On the one hand,Ci ⊆ Di , and sōyi ∈ NDi (x) ⊆
NCi (x), ∀i ∈ {1, . . . , r }. On the other hand,Ci ⊆ Ai , and soỹi ∈ NAi (x) ⊆ NCi (x),
∀i ∈ {1, . . . , r }. Altogether,yi ∈ NCi (x), ∀i ∈ {1, . . . ,m}. Also, using (3),∑m

i=1 yi =∑r
i=1(ȳi + ỹi )+∑m

i=r+1 yi = ȳ0+∑r
i=1 ȳi = y.

Therefore, invoking (1), (2), and (3),

m∑
i=1

‖yi‖ ≤
r∑

i=1

(‖ȳi‖ + ‖ỹi‖)+
m∑

i=r+1

‖yi‖ ≤ ‖x− z‖
δ
‖y‖ + β‖ȳ0‖

≤
(‖x− z‖

δ
+ β ‖x− z‖ + δ

δ

)
‖y‖.

ut
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3. Strong CHIP and bounded linear regularity

(Strong) CHIP. . .

It is clear (take polars) that strong CHIP implies CHIP. The relationship between these
two concepts is made more precise in the next proposition.

Proposition 7. (see also [15, Deutschet al.’s Lemma 2.4]) SupposeC1, . . . ,Cm are
finitely many closed convex sets inX with C :=⋂m

i=1 Ci 6= ∅. Then TFAE:

(i) {C1, . . . ,Cm} has strong CHIP.
(ii) ∂(

∑
i ιCi ) =

∑
i ∂ιCi .

(iii) {C1, . . . ,Cm} has CHIP and
∑

i NCi (x) is closed,∀x ∈ C.

Proof. “(i) ⇔ (ii)”: obvious. “(i)⇔ (iii)”: use [32, Corollary 16.4.2].
ut

Remark 4.The properties strong CHIP and CHIP are pivotal in the study of constrained
approximation problems; see [8], [9], [11], [15], and [16]. Recall that the following
inclusions always hold: cl(

∑
i NCi (x)) ⊆ NC(x) andTC(x) ⊆⋂i TCi (x), ∀x ∈ C.

In R2, CHIP and strong CHIP are the same: indeed, all cones inR2 are polyhedral
and so the sum of polyhedral cones is (polyhedral and hence) closed.

. . . and (bounded) linear regularity

Definition 3. SupposeC1, . . . ,Cm are finitely many closed convex sets inX with
C := ⋂i Ci 6= ∅. Then{C1, . . . ,Cm} is linearly regular, if there existsκ > 0 such that
d(x,C) ≤ κmaxi d(x,Ci ), ∀x ∈ X.

It is clear that linear regularity implies bounded linear regularity.

Remark 5 (bounded linear and metric regularity).Bounded linear regularity of the
collection {C1, . . . ,Cm} is a quantitative version of a very intuitive idea: “closeness
to all setsCi implies closeness to their intersection”. This concept is of fundamental
importance in the study of projection methods; see [3], [4, Section 5], and [2, Chapters 4
and 5].

For clarity, we now consider two closed convex setsC1,C2 with C1∩C2 6= ∅. Define
a set-valued map� : X → 2X by �(x) = x − C2, if x ∈ C1; �(x) = ∅, otherwise.
Then the range of� is C1 − C2 and the Slater-type condition 0∈ int (C1 −C2) yields
metric regularity (in the sense of Robinson [31]) of� and thus the existence ofκ
and δ > 0 depending on an arbitrary but fixed̄x ∈ C1 ∩ C2 = �−1(0) such that
d(x,C1 ∩ C2) ≤ κd(x,C2), ∀x ∈ C1 ∩ B(x̄; δ). (The literature on metric regularity is
vast. We refer the interested reader to [33, Section 9.G and the commentary to Chapter 9]
as a starting point.) This last condition in turn guarantees the formally stronger bounded
linear regularity of{C1,C2}; see [3, Lemma 4.1].

Theorem 3 (bounded linear regularity implies strong CHIP).SupposeC1, . . . ,Cm

are finitely many closed convex sets inX with C :=⋂i Ci 6= ∅. Consider the following
three conditions.
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(i) {C1, . . . ,Cm} is boundedly linearly regular.
(ii) {C1, . . . ,Cm} has strong CHIP.
(iii) {C1, . . . ,Cm} has CHIP.

Then: (i)⇒ (ii) ⇒ (iii).

Proof. “(i)⇒(ii)”: Fix x ∈ C andx∗ ∈ ∂ιC(x) = NC(x). In view of Proposition 7 and
Remark 4, it suffices to show thatx∗ ∈ ∑i ∂ιCi (x) =

∑
i NCi (x). We may assume

WLOG x∗ 6= 0 and then let̂x∗ := x∗/‖x∗‖. Thenx̂∗ ∈ NC(x)∩ BX = ∂d(·,C)(x); see
[18, Example VI.3.3]. Thus〈x̂∗, y− x〉 ≤ d(y,C) − d(x,C) = d(y,C), ∀y ∈ X. On
the other hand,{C1, . . . ,Cm} is boundedly linearly regular; we thus obtainκ > 0 such
that d(y,C) ≤ κ∑i d(y,Ci ), ∀y ∈ B(x; 1). Altogether〈x̂∗, y− x〉 ≤ κ∑i d(y,Ci ),
∀y ∈ B(x; 1). It follows that x̂∗/κ ∈ ∂(∑i d(·,Ci )+ ιB(x;1))(x) =∑i

(
NCi (x) ∩ BX

)
;

consequently,x∗ ∈∑i NCi (x). “(ii)⇒(iii)”: Proposition 7.
ut

Remark 6.Theorem 3 was proved independently by Pang [29, Proposition 6] resting
on Lewis and Pang’s [26, Proposition 2].

Converse implications

In general, the properties bounded linear regularity, strong CHIP, and CHIP are all
different [6]. In this subsection, we focus on conditions that make the three properties
coincide.

Proposition 8. SupposeC1, . . . ,Cm are finitely many closed convex sets inX with
C :=⋂i Ci 6= ∅. Suppose further that{C1, . . . ,Cm} is not boundedly linearly regular.
Then there exist: (i) a sequence(cn) in C converging to somēc ∈ C, (ii) a point
q ∈ SX ∩ NC(c̄), (iii) sequences(yi,n) such thatyi,n ∈ TCi (cn), ∀n and yi,n → q, ∀i .
Moreover, if eachCi is a cone, then we can additionally arrange that (iv)c̄ ∈ SX.

Proof. Because{C1, . . . ,Cm} is not boundedly linearly regular, there exists a bounded
sequence(xn) in C such that

d(xn,C) > n maxi d(xn,Ci ), ∀n. (4)

(Digression.Suppose momentarily that eachCi is a cone. Then (4) shows thatxn 6= 0,
∀n. Because projections onto cones are positively homogeneous, we can replace each
xn by xn/‖xn‖ to get a new sequence lying entirely inSX and still satisfying (4). This
will prove the “Moreover” part.End of Digression.) Now (xn) is bounded, hence so
is (d(xn,C)). By (4), maxi d(xn,Ci ) → 0. This implies thatd(xn,C) → 0 (by either
a straight-forward proof by contradiction or [4, Proposition 5.4.(iii)]). Hence all cluster
points of (xn) lie in C. For brevity, setcn := PC(xn) and ci,n := PCi (xn), ∀n,∀i .
Then 0< d(xn,C) = ‖xn − cn‖ andd(xn,Ci ) = ‖xn − ci,n‖, ∀n,∀i . After passing
to a subsequence if necessary, we assume WLOG that(xn) converges to somēc ∈ C
and that((xn − cn)/‖xn − cn‖) converges to someq ∈ SX. Hence(cn) and each(ci,n)
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converge toc̄, too. Settn := ‖xn − cn‖ > 0, ∀n. Then tn → 0. We have, using
d(xn,Ci )/d(xn,C) ≤ 1/n→ 0 from (4),

yi,n := ci,n − cn

‖xn − cn‖ =
ci,n − xn

‖xn − cn‖ +
xn − cn

‖xn − cn‖ → q, ∀i .

Sincecn+ tnyi,n = ci,n ∈ Ci , we obtainyi,n ∈ TCi (cn), ∀n,∀i . Also,〈c− cn, xn− cn〉/
‖xn − cn‖ ≤ 0, ∀n,∀c ∈ C (usingcn = PC(xn) and a well-known property of pro-
jections; see, for instance, Proposition 12.(i) below). Taking limits yieldsq ∈ NC(c̄).
Therefore, we have constructed objects that possess all announced properties.

ut
Definition 4. SupposeC1, . . . ,Cm are finitely many closed convex sets inX with
C := ⋂i Ci 6= ∅ and x̄ ∈ C. We say that the collection{C1, . . . ,Cm} is intersection-
closed atx, if whenever(cn) is a sequence inC converging tōc and(yi,n) are sequences
converging toyi with yi,n ∈ TCi (cn), ∀n,∀i , then necessarilyyi ∈ TCi (c̄), ∀i . If D is
a closed nonempty subset ofC and{C1, . . . ,Cm} is intersection-closed at every point
in D, then we say that{C1, . . . ,Cm} is intersection-closed onD.

Definition 5. (see also [21, Section 7.D] or [34, Definition 7.5]) SupposeC is a closed
convex set inX with int (C) 6= ∅ and x̄ ∈ bd(C). We say thatC is smooth atx̄,
if TC(x̄) is a halfspace; equivalently, ifNC(x̄) is a ray. If C is smooth atx̄, then
NC(x̄) = [0,+∞[·d̂C(x̄), for some unique vector̂dC(x̄) ∈ SX, called the normal
direction ofC at x̄. SupposeD is a closed nonempty subset ofbd(C). If C is smooth at
everyx ∈ D, then we say thatC is smooth onD. If there exists someε > 0 such that
C is smooth onC ∩ B(x̄; ε), then we say thatC is locally smooth at̄x. Finally, if C is
locally smooth at everyx ∈ D, then we say thatC is locally smooth onD.

Proposition 9. SupposeC is a closed convex set inX with int (C) 6= ∅ andD is a closed
subset ofbd(C) on whichC is smooth. Then the mappingd̂C|D : D→ SX : x 7→ d̂C(x)
is continuous.

Proof. Suppose(xn) is a sequence inD converging to some point̄x ∈ D. Let d̂n :=
d̂C(xn) ∈ SX, ∀n. We have to show that(d̂n) converges tôdC(x̄). Let d′ be an arbitrary
cluster point of(d̂n). Thend′ ∈ SX and there exists a subsequence(d̂n′) of (d̂n) that
converges tod′. Now d̂n ∈ NC(xn), hence〈c− xn, d̂n〉 ≤ 0, ∀n,∀c ∈ C. Taking limits
along(n′) yields〈c− x̄,d′〉 ≤ 0,∀c ∈ C. Thusd′ ∈ NC(x̄)∩SX = {d̂C(x̄)}. Therefore,
the entire sequence(d̂n) converges tôdC(x̄) and the proof is complete.

ut
Proposition 10. SupposeC1, . . . ,Cm are finitely many closed convex sets inX with
C := ⋂i Ci 6= ∅ and c̄ ∈ C. If Ci is locally smooth at̄c or TCi |C does not change on
a neighborhood of̄c, ∀i , then{C1, . . . ,Cm} is intersection-closed at̄c.

Proof. Let (cn) be a sequence inC converging tōc and(yi,n) be a sequence converging
to someyi such thatyi,n ∈ TCi (cn), ∀i ,∀n. Fix i ∈ {1, . . . ,m}. If TCi |C is constant
on a neighborhood of̄c, thenyi ∈ TCi (c̄) and we are done (tangent cones are closed).
Otherwise,Ci is locally smooth at̄c. Let di,n := d̂Ci (cn) be the normal direction ofCi
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at cn, ∀n. Thenyn,i ∈ TCi (cn) = N	Ci
(cn) = ([0,+∞[·di,n)

	 ⇒ 〈yn,i ,di,n〉 ≤ 0, ∀n.

Let di := d̂Ci (c̄). Then, by Proposition 9,di = limn di,n. ∀i . Thus〈yi ,di 〉 ≤ 0, i.e.,
yi ∈ N	Ci

(c̄) = TCi (c̄). Altogether,{C1, . . . ,Cm} is intersection-closed atc̄.
ut

Proposition 11. SupposeC1, . . . ,Cm are finitely many closed convex cones inX such
thatC :=⋂i Ci is a ray: C = [0,+∞[·c̄, for somēc ∈ C \ {0}. Then{C1, . . . ,Cm} is
intersection-closed at̄c.

Proof. Suppose(cn) is a sequence inC converging tōc. WLOG cn = pnc̄, ∀n, where
(pn) is a sequence of positive reals. By Proposition 18,TCi (cn) = TCi (pnc̄) = cl (Ci +
Rpnc̄) = cl (Ci +Rc̄) = TCi (c̄), ∀n. Hence{C1, . . . ,Cm} is intersection-closed atc̄.

ut
Theorem 4. SupposeC1, . . . ,Cm are finitely many closed convex sets inX with C :=⋂

i Ci 6= ∅. Suppose further that{C1, . . . ,Cm} is intersection-closed onC. In particular,
this holds when (i)C is singleton; or (ii) eachCi is smooth onC. Then{C1, . . . ,Cm}
is boundedly linearly regular if and only if it has CHIP.

Proof. By Theorem 3, bounded linear regularity implies CHIP, so we have to show
that CHIP implies bounded linear regularity. We do so by contradiction: assume
{C1, . . . ,Cm} has CHIP but is not boundedly linearly regular. Then, by Proposition 8,
there exist

a sequence(cn) in C converging to somēc ∈ C, a pointq ∈ SX ∩ NC(c̄),
sequences(yi,n) such thatyi,n ∈ TCi (cn), ∀n andyi,n→ q, ∀i .

Now {C1, . . . ,Cm} is intersection-closed, whenceq ∈ TCi (c̄), ∀i . Since{C1, . . . ,Cm}
has also CHIP, we concludeq ∈ TC(c̄). On the other hand,q ∈ NC(c̄)∩SX. Altogether,
we contradictNC(c̄) ∩ TC(c̄) = {0}. The “In particular” case follows from Proposi-
tion 10.

ut
Theorem 5. SupposeC1, . . . ,Cm are finitely many closed convex cones inX and let
C := ⋂i Ci . Suppose further that{C1, . . . ,Cm} is intersection-closed onC ∩ SX. In
particular, this holds when (i) eachCi is a subspace or locally smooth onC ∩ SX; or
(ii) C is a ray or linear. Then{C1, . . . ,Cm} is boundedly linearly regular if and only if
it has CHIP.

Proof. The main statement follows similarly to the proof of Theorem 4 (use the “cone”
version of Proposition 8). The “In particular” part follows from Proposition 10, Propo-
sition 11, Corollary 9, and Remark 15 below.

ut

Examples

Several conditions sufficient for bounded linear regularity can be found in [3, Section 4],
[4, Section 5], and [2, Chapter 4 and 5]. In view of Theorem 3, we thus immediately
obtain criteria for strong CHIP.
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It is most satisfying that the standard constraint qualification yields bounded linear
regularity. (For a self-contained proof, see Corollary 5 below.)

Corollary 3. SupposeC1, . . . ,Cm are finitely many closed convex sets inX, where
Cr+1, . . . ,Cm are polyhedral, for somer ∈ {0, . . . ,m}. Suppose further

⋂r
i=1 ri(Ci )∩⋂m

i=r+1 Ci 6= ∅. Then{C1, . . . ,Cm} is boundedly linearly regular and hence has strong
CHIP.

Proof. The collection{C1, . . . ,Cm} is boundedly linearly regular ([2, Theorem 5.6.2])
and hence has strong CHIP (Theorem 3).

ut
It is worth noting two special cases.

Example 1.(see also [15, Theorems 3.6 and 3.12]) SupposeA is a linear operator from
X to some Euclidean spaceY, andC1 is a closed convex subset inX. LetC2 := A−1(b)
and supposeC1 ∩ C2 6= ∅. Then{C1,C2} is boundedly linearly regular and hence has
strong CHIP, whenever (i)C1 is polyhedral; or (ii)b ∈ ri A(C1).

Example 2.A collection of finitely many subspaces ofX is boundedly linearly regular
and has strong CHIP.

Remark 7.With care, some of the results of this subsection generalize to the case when
X is an infinite-dimensional Hilbert space: Example 1 remains true without change (use
[4, Corollary 5.26] and [2, Proposition 4.7.1]). Example 2 is no longer true in infinite-
dimensional Hilbert space: in fact, a collection{C1, . . . ,Cm} of finitely many closed
subspaces is boundedly linearly regular if and only if it has strong CHIP if and only if∑

i C⊥i is closed; see [4, Theorem 5.19].

4. Bounded linear regularity via convex analysis

Work in this section culminates in a self-contained convex-analytical proof of Corol-
lary 3.

Proposition 12. SupposeS is a closed convex nonempty set inX and let x, x∗ ∈ X.
Then:

(i) x− PS(x) ∈ NS(PS(x)).
(ii) 1

2d2(x, S)+ 1
2‖x∗‖2 + ι∗S(x∗) ≥ 〈x∗, x〉.

(iii) x∗ ∈ NS(x) if and only ifx ∈ Sand〈x∗, x〉 = ι∗S(x∗).
Proof. (i) is a well-known property of the projection; see [18, Theorem III.3.1.1].
(ii): Note that 1

2d2(·, S) = 1
2‖ · ‖2�ιS, hence(1

2d2(·, S))∗(x∗) = 1
2‖x∗‖2 + ι∗S(x∗).The

statements follow from the Fenchel-Young inequality; see [32, Theorem 23.5]. (iii): Fol-
lows from the characterization of equality in the Fenchel-Young inequality applied to
the functionιS.

ut
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Theorem 6. SupposeC1, . . . ,Cm are finitely many closed convex sets inX with C :=⋂
i Ci 6= ∅. Suppose furtherx ∈ X with TC(PC(x)) = ⋂i TCi (PC(x)) and there exists

λx > 0 such that for everyy ∈∑i NCi (PC(x)),

min
{∑

i ‖yi‖2 : each yi ∈ NCi (PC(x)),
∑

i yi = y
} ≤ λ2

x‖y‖2.

Then
∑

i NCi (PC(x)) = NC(PC(x)) andd(x,C) ≤ λx
∑

i d(x,Ci ).

Proof. “
∑

i NCi (PC(x)) = NC(PC(x))”: On the one hand, the assumption on the tan-
gent cones yields (take polars),NC(PC(x)) = cl (

∑
i NCi (PC(x))). On the other hand,

by the assumption on the minimum and Corollary 1, the collection{NC1(PC(x)), . . . ,
NCm(PC(x))} has property (G). Thus, by Proposition 3,

∑
i NCi (PC(x)) is closed.

“d(x,C) ≤ λx
∑

i d(x,Ci )”: By Proposition 12.(i),x − PC(x) ∈ NC(PC(x)). By the
preceding statement on the normal cones, there existsyi ∈ NCi (PC(x)), ∀i , such that
x − PC(x) = ∑

i yi and
∑

i ‖yi‖2 ≤ λ2
x‖x − PC(x)‖2. Also, by Proposition 12.(iii),

〈yi , PC(x)〉 = ι∗Ci
(yi ). Using the last displayed inequality and Proposition 12.(ii), we

obtain the inequalities in the following chain of equalities and inequalities.

1
2d2(x,C) = 1

2‖x− PC(x)‖2
= 〈x− PC(x), x− PC(x)〉 − 1

2‖x− PC(x)‖2
= 〈x− PC(x),

∑
i yi 〉 − 1

2‖x− PC(x)‖2
=∑i 〈x, yi 〉 −∑i 〈PC(x), yi 〉 − 1

2‖x− PC(x)‖2
=∑i 〈x, yi 〉 −∑i ι

∗
Ci
(yi )− 1

2‖x− PC(x)‖2
≤ ∑i 〈x, yi 〉 −∑i ι

∗
Ci
(yi )− 1

2
1
λ2

x

∑
i ‖yi‖2

= 1
λ2

x

∑
i

(〈λ2
xx, yi 〉 − ι∗λ2

xCi
(yi )− 1

2‖yi‖2
)

≤ 1
λ2

x

∑
i

1
2d2(λ2

xx, λ2
xCi )

= λ2
x

2

∑
i d2(x,Ci ).

ut

The next example shows that the assumption on the intersection of the tangent cones
in Theorem 6 is important.

Example 3.Let X := R2, C1 := B((1,0); 1) andC2 := B((−1,0); 1). ThenC :=
C1 ∩ C2 := {0}. HencePC(x) = 0, ∀x ∈ X. Now TC1(0) = [0,+∞[×R, TC2(0) =
] −∞,0] × R, andTC(0) = {0}. HenceTC1(0) ∩ TC2(0) = {0} × R % {0} = TC(0),
i.e., the condition on the intersection of the tangent cones in Theorem 6 is not satisfied
and{C1,C2} does not have CHIP. On the other hand, the condition on the minimum
is satisfied withλx = 1, ∀x ∈ X, but the first conclusion of Theorem 6 fails. Now
considerx := (0, r), wherer > 0. Thend(x,C1) = d(x,C2) =

√
1+ r 2 − 1 and

d(x,C) = r . Sinced(x,C)/(d(x,C1) + d(x,C2)) = r/(2
√

1+ r 2 − 2) → +∞, the
second conclusion of Theorem 6 is not true either.
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Applications

Corollary 4. SupposeC1, . . . ,Cm are finitely many closed convex sets inX with C :=⋂
i Ci 6= ∅. Suppose furtherTC(c) = ⋂i TCi (c), ∀c ∈ C and there existsλ > 0 such

that

min
{∑

i ‖yi‖2 : each yi ∈ NCi (c),
∑

i yi = y
} ≤ λ2‖y‖2, ∀c ∈ C,∀y ∈ NC(c).

Thend(x,C) ≤ λ∑i d(x,Ci ), ∀x ∈ X.

Proof. Theorem 6.
ut

Remark 8.Corollary 4 says that “if the tangent cones of{C1, . . . ,Cm} have CHIP and
the collection of normal cones has property (G) (uniformly onC), then the collection
{C1, . . . ,Cm} is linearly regular.”

Theorem 7. SupposeC1, . . . ,Cm are finitely many closed convex sets inX, where,
for somer ∈ {0, . . . ,m}, the setsCr+1, . . . ,Cm are polyhedral. Suppose further there
existsz ∈ ⋂r

i=1 ri(Ci ) ∩⋂m
i=r+1 Ci and letC := ⋂m

i=1 Ci . Then there existsγ > 0,
depending onz, such that

d(x,C) ≤ γ(‖PC(x)− z‖ + 1)
∑

i d(x,Ci ), ∀x ∈ X.

Proof. Let δ > 0 such that aff(Ci ) ∩ B(z; δ) ⊆ Ci , ∀i ∈ {1, . . . , r }. Then Theorem 2
yieldsβ > 0, independent ofz andδ, such that for everyc ∈ C andy ∈ NC(c),

min
{∑m

i=1 ‖yi‖ : eachyi ∈ NCi (c),
∑m

i=1 yi = y
} ≤ ‖c−z‖(1+β)+δβ

δ
‖y‖.

For an arbitrary but fixedx ∈ X, defineλx :=
(‖PC(x)− z‖(1+ β)+ δβ)/δ. Then for

everyy ∈ NC(PC(x)) =∑i NCi (PC(x)),

min
{∑m

i=1 ‖yi‖2 : eachyi ∈ NCi (PC(x)),
∑m

i=1 yi = y
} ≤ λ2

x‖y‖2.

Theorem 6 impliesd(x,C) ≤ ‖PC(x)−z‖(1+β)+δβ
δ

∑
i d(x,Ci ), ∀x ∈ X; therefore,γ :=

max{(1+ β)/δ, β} does the job.
ut

Corollary 5 (standard constraint qualification implies bounded linear regularity).
SupposeC1, . . . ,Cm are finitely many closed convex sets inX, where, for somer ∈
{0, . . . ,m}, the sets are polyhedral. Suppose further

⋂r
i=1 ri(Ci )∩⋂m

i=r+1 Ci 6= ∅. Then
for everyρ > 0, there existsλρ > 0 such thatd(x,C) ≤ λρ∑i d(x,Ci ), ∀x ∈ ρBX.

Proof. Pick an arbitraryz ∈ ⋂r
i=1 ri(Ci ) ∩ ⋂m

i=r+1 Ci . By Theorem 7, there exists
γ > 0 such thatd(x,C) ≤ γ(‖PC(x) − z‖ + 1)

∑
i d(x,Ci ), ∀x ∈ X. Therefore,

λρ := γ(ρ+ ‖z‖ + 1) does the job.
ut
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Remark 9.If C1, . . . ,Cm are closed convex sets inX with
⋂

i int (Ci ) 6= ∅, then the
Robinson-Ursescu theorem [33, Theorem 9.48] can be used to prove Corollary 5. The
general statement of Corollary 5 can be pieced together from this and Fact 1, but this
metric regularity route appears to be more involved and much less self-contained.

Corollary 6. SupposeC1, . . . ,Cm are finitely many closed convex sets inX, where,
for somer ∈ {0, . . . ,m}, the setsCr+1, . . . ,Cm are polyhedral. Suppose further⋂r

i=1 ri(Ci ) ∩⋂m
i=r+1 Ci 6= ∅ andC := ⋂m

i=1 Ci is bounded. Then there existsλ > 0
such thatd(x,C) ≤ λ∑i d(x,Ci ), ∀x ∈ X.

Proof. Similarly to the proof of Corollary 5.
ut

Remark 10.Corollary 6 can be proved differently by using Corollary 5 and Lewis’s
observation that bounded linear regularity plus a bounded intersection yields linear
regularity (see [2, Theorems 4.2.6 and 5.2.3]).

5. Applications to convex inequalities

Throughout this section, we assume thatf1, . . . , fm are finitely many functions onX
that are convex and finite everywhere onX.

Let Ci := {x ∈ X : fi (x) ≤ 0}, ∀i . We assumeC := ⋂
i Ci , i.e., the system of

convex inequalities

f1(x) ≤ 0, f2(x) ≤ 0, . . . , fm(x) ≤ 0 (5)

has at least one solution.
Systems of convex inequalities have been receiving much attention lately; for

more information, the reader is referred to Li’s [27], Klatte and Li’s [25], Lewis and
Pang’s [26], and the many references therein.

To demonstrate the usefulness of the results of the previous sections, we present
some selected applications to systems of convex inequalities.

Basic constraint qualification and strong CHIP

Definition 6. ([18, Section VII.2.2]) Supposex ∈ C. Then the system of convex in-
equalities (5) satisfies thebasic constraint qualification atx, if NC(x) = cone{∂ fi (x) :
fi (x) = 0}.
Remark 11.• The basic constraint qualification is formulated in terms of the normal
cone of C. There exists an equivalent “dual” condition, calledAbadie’s constraint
qualification, which is formulated in terms of the tangent cone ofC; see Li’s [27] for
more.• If x ∈ C and fi (x) = 0, then cone(∂ fi (x)) ⊆ NCi (x) (with equality if x is not
a minimizer of fi ; see [32, Corollary 23.7.1]).

Definition 6 and Remark 4 thus immediately imply the following result.
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Proposition 13. Supposex ∈ C and the system of convex inequalities (5) satisfies the
basic constraint qualification atx. Then{C1, . . . ,Cm} has strong CHIP atx.

Note that strong CHIP is a purely geometric property, while the basic constraint
qualification depends on the analytic representation of eachCi . The next example shows
that strong CHIP is genuinely less restrictive than the basic constraint qualification.

Example 4.Let X := R2, f1(x1, x2) := x2
1, and f2(x1, x2) := x2

2. ThenC1 := {x ∈
X : f1(x) ≤ 0} = {0} × R andC2 := {x ∈ X : f2(x) ≤ 0} = R × {0}, which implies
NC1(0) = R× {0} andNC2(0) = {0} × R. Let C := C1 ∩ C2 = {0}, thenNC(0) = X.
On the one hand,NC1(0)+NC2(0) = NC(0), so{C1,C2} has strong CHIP. On the other
hand,∇ f1(0) = 0= ∇ f2(0), so the system of convex inequalitiesf1(x) ≤ 0, f2(x) ≤ 0
does not satisfy the basic constraint qualification at 0.

The next proposition shows that strong CHIP and the basic constraint qualification
do coincide, provided the subdifferentials are well-behaved.

Proposition 14. Supposex ∈ C andNCi (x) = cone(∂ fi (x)), for eachi with fi (x) = 0.
Then the system of convex inequalities (5) satisfies the basic constraint qualification if
and only if the collection{C1, . . . ,Cm} has strong CHIP atx.

Proof. “⇒”: Proposition 13. “⇐”: if fi (x) < 0, thenx ∈ int Ci and soNCi (x) = {0}.
Let I := {i : fi (x) = 0}. Then NC(x) = ∑

i NCi (x) =
∑

i∈I NCi (x) =∑
i∈I cone(∂ fi (x)) = cone{∂ fi (x) : i ∈ I }, and therefore (5) satisfies the basic con-

straint qualification atx.
ut

Definition 7. ([18, Definition VII.2.2.3]) The system of convex inequalities (5) satisfies
theweak Slater assumption, if there exists somêx ∈ C, called aweak Slater point, such
that for everyi , fi is affine or fi (x̂) < 0.

Corollary 7. Suppose the system of convex inequalities (5) satisfies the weak Slater
assumption. Then it satisfies the basic constraint qualification at every point inC and
{C1, . . . ,Cm} has strong CHIP.

Proof. By [18, Section VII.2.2], (5) satisfies the basic constraint qualification at every
point in C. Apply Proposition 13.

ut

Asymptotic constraint qualification and error bounds

Definition 8. (Auslender and Crouzeix [1]) We say that the system of convex inequal-
ities (5) satisfies theasymptotic constraint qualification, if the following is satisfied:
“Suppose(xn) is a sequence inC with ‖xn‖ → +∞. Let I be a subset of{1, . . . ,m}
such that fi (xn) = 0 eventually,∀i ∈ I . Let gi,n ∈ ∂ fi (xn), ∀n,∀i ∈ I . Define
Ibounded := {i ∈ I : (gi,n) is bounded} and Iunbounded:= I \ Ibounded. Suppose(kn)

is a subsequence of(n) such that for everyi ∈ I : (gi,kn) converges, ifi ∈ Ibounded;
(gi,kn/‖gi,kn‖) converges, ifi ∈ Iunbounded. Denote the limit bygi , ∀i ∈ I . Then neces-
sarily 0 6∈ conv{gi : i ∈ I }.”
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Remark 12.• Note that if C is bounded, then the asymptotic constraint qualifica-
tion holds trivially.• Auslender and Crouzeix’s asymptotic constraint qualification is
an extension of Mangasarian’s asymptotic constraint qualification [28] introduced for
differentiable convex inequalities (5). When eachfi is differentiable, then these two
definitions are equivalent; see [1, Remark (ii) on page 250]. More on the asymptotic
constraint qualification can be found in Auslender and Crouzeix’s [1] as well as in Klatte
and Li’s recent study [25].

The distinction between bounded subgradient sequences and unboundedsubgradient
sequences in Definition 8 can be removed as follows.

Proposition 15. The system of convex inequalities (5) satisfies the asymptotic constraint
qualification if and only if the following is satisfied: “Suppose(xn) is a sequence inC
with ‖xn‖ → +∞. Let I be a subset of{1, . . . ,m} such that fi (xn) = 0 eventually,
∀i ∈ I . Let gi,n ∈ ∂ fi (xn), ∀n,∀i ∈ I . Suppose(kn) is a subsequence of(n) such that
(gi,kn/(1+ ‖gi,kn‖) converges tôgi , ∀i ∈ I . Then necessarily0 6∈ conv{ĝi : i ∈ I }.”
Proof. This follows from the (easy) fact that wheneverz1, . . . , zm ∈ X and
t1, . . . , tm > 0, then: 0∈ conv{z1, . . . , zm} if and only if 0∈ conv{t1z1, . . . , tmzm}.

ut
Theorem 8 (sharpening of Auslender and Crouzeix’s result).Suppose the system of
convex inequalities (5) satisfies the weak Slater assumption and the asymptotic constraint
qualification. Then the collection{C1, . . . ,Cm} is linearly regular: there existsγ > 0
such that

d(x,C) ≤ γ∑i d(x,Ci ), ∀x ∈ X.

Proof. Step 1.The collection{C1, . . . ,Cm} has strong CHIP (by Corollary 7).

Step 2.NCi (x) =
{

cone(∂ fi (x)), if fi (x) = 0;

{0}, otherwise,
∀x ∈ C,∀i ∈ {1, . . . ,m}.

If fi (x) = 0, then the result follows from the weak Slater assumption combined with
[32, Corollary 23.7.1]. Otherwise,fi (x) < 0 in a neighborhood ofx (by continuity of
fi on X). Step 2 thus holds.

Step 3.There existsγ > 0 such that∀x ∈ C,∀y ∈ NC(x) =∑i NCi (x):

min
{∑

i ‖yi‖2 : each yi ∈ NCi (x),
∑

i yi = y
} ≤ γ 2‖y‖2.

Suppose to the contrary that Step 3 is not true. Then there exist sequences(xn) in C
and(yn) with yn ∈ NC(xn), ∀n, such that

min
{∑

i ‖y′i‖2 : each y′i ∈ NCi (xn),
∑

i y′i = yn
}
> n2‖yn‖2 > 0. (6)

We claim that‖xn‖ → +∞: indeed, if (6) held on a bounded subsequence of(xn), then
we would contradict Theorem 2 (use the weak Slater point for the system of convex
inequalities (5) and recall Proposition 2). After normalizing (theNCi are cones), we
assume WLOG thatyn ∈ SX, ∀n. Let yi,n ∈ NCi (xn), ∀i , such that

∑
i yi,n = yn, ∀n.

Then (6) yields ∑
i ‖yi,n‖ > n→+∞. (7)
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After passing to a subsequence if necessary, we assume WLOG that the sets{i : yi,n 6= 0}
are all the same, sayI . Then, using Step 2, we see thatfi (xn) = 0 and obtainµi,n > 0
such thatyi,n = µi,ngi,n, for somegi,n ∈ ∂ fi (xn), ∀n,∀i ∈ I . Then

‖yi,n‖ ≤ µi,n(1+ ‖gi,n‖), ∀n,∀i ∈ I. (8)

Define

λi,n := µi,n(1+ ‖gi,n‖)∑
j∈I µ j,n(1+ ‖gj,n‖) , ∀i ∈ I,∀n.

Set ĝi,n := gi,n/(1 + ‖gi,n‖), ∀n,∀i ∈ I . After passing to another subsequence if
necessary, we assume WLOG thatλi,n → λi and thatĝi,n → ĝi , ∀i ∈ I . Note that∑

i∈I λi = 1 andλi ≥ 0,∀i ∈ I . Using (7), (8), and‖yn‖ = 1,∀n, we deduce

∑
i∈I λi ĝi ←∑

i∈I λi,nĝi,n = 1∑
j∈I µ j,n(1+ ‖gj,n‖) yn→ 0.

Therefore, 0= ∑
i∈I λi ĝi , which contradicts the characterization of the asymptotic

constraint qualification in Proposition 15. Step 3 thus holds true.
Final Step.The result now follows from Steps 1, 3, and Corollary 4.

ut
To see how Theorem 8 implies Auslender and Crouzeix’s main result, we need the

following simple result on error bounds, which was implicitly proved in [25, Proof of
Theorem 8, (C1)⇒(C3)] and [26, Proof of Corollary 1, (b)⇒(a)], for instance.

Proposition 16. Supposef is a convex function that is everywhere finite onX. Let
S := {x ∈ X : f(x) ≤ 0} be nonempty. Suppose furtherf is affine or there exists
a Slater pointx̂ ∈ X with f(x̂) < 0. If the convex inequalityf(x) ≤ 0 satisfies the
asymptotic constraint qualification, then there existsα > 0 such thatd(x, S) ≤ α f +(x),
∀x ∈ X.

Corollary 8. (see also Auslender and Crouzeix’s [1, Theorem 2]) Suppose the system
of convex inequalities (5) satisfies the weak Slater assumption and the asymptotic
constraint qualification. Then there existsβ > 0 such thatd(x,C) ≤ β

∑
i f +i (x),∀x ∈ X.

Proof. On the one hand, by Theorem 8, there existsγ > 0 such thatd(x,C) ≤
γ
∑

i d(x,Ci ), ∀x ∈ X. On the other hand, eachfi by itself satisfies the weak Slater
condition and the asymptotic constraint qualification; in particular, by Proposition 16,
there existsαi > 0 such thatd(x,Ci ) ≤ αi f +i (x), ∀x ∈ X,∀i . Soβ := maxi γαi does
the job.

ut
Remark 13.Corollary 8 is not exactly the same as Auslender and Crouzeix’s [1, The-
orem 2]. They considered a system of convex and linear inequalites

gi (x) ≤ 0 (for 1≤ i ≤ r ) , 〈ai , x〉 ≤ bi (for r + 1≤ i ≤ m) , (9)
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where eachai ∈ Rn, bi ∈ R, andgi is closed convex proper onRn. They used the
following Slater condition: there exists̄x ∈ Rn such that

gi (x̄) < 0 (for 1≤ i ≤ r ) , 〈ai , x̄〉 ≤ bi (for r + 1≤ i ≤ m) . (10)

If we define fi (x) = gi (x) for 1 ≤ i ≤ r and fi (x) = 〈ai , x〉 − bi for r + 1 ≤ i ≤ m,
then (10) implies the weak Slater condition and so [1, Theorem 2] follows from Corol-
lary 8. Note that our proof works even if eachfi is only a closed proper convex
function. Corollary 8 gives a Hoffman-type error bound for convex inequalities (an
algebraic property for (5)), while Theorem 8 establishes the linear regularity of the
underlying convex sets defined by (5) (a geometric property). It is easy to construct
examples, such asCi := {x ∈ Rn : ‖x‖2 ≤ 1} with fi (x) = ‖x‖2, where one has
lim‖x‖→∞ f +i (x)/d(x,Ci ) = ∞. In this sense, Theorem 8 is indeed a sharpening of
Auslender and Crouzeix’s [1, Theorem 2].

The constrained case

As a last application to error bounds, we briefly discuss the constrained case:
As before, we assume thatf1, . . . , fm are finitely many functions onX that are

convex and finite everywhere, and we letCi := {x ∈ X : fi (x) ≤ 0}, ∀i . In addition,
let C0 be a closed convex set inX with C := ⋂m

i=0 Ci 6= ∅. That is,the system of
constrained convex inequalities

f1(x) ≤ 0, . . . , fm(x),≤ 0, x ∈ C0 (11)

has at least one solution.
We require a special case of a result due to Robinson:

Proposition 17. ([30, Section 3]) Supposef is a closed convex function onX and
there exists a Slater point̂x ∈ X with f(x̂) < 0. Let S := {x ∈ X : f(x) ≤ 0}. Then
d(x, S) ≤ −(‖x− x̂‖/ f(x̂)) f +(x), ∀x ∈ X.

Theorem 9. Consider the constrained system of convex inequalities (11). Suppose there
exists a point̂x ∈ C0 such thatfi (x̂) < 0, ∀i ∈ {1, . . . ,m}. Then for everyρ > 0, there
existsβρ > 0 such thatd(x,C) ≤ βρ(d(x,C0)+∑m

i=1 f +i (x)), ∀x ∈ ρBX.

Proof. By [32, Corollary 6.3.2], there exists somez (close tox̂) such thatz ∈ ri(C0) ∩⋂m
i=1 Ci . On the one hand, by Theorem 7, there existsγ > 0 (depending onz) such that

d(x,C) ≤ γ(‖PC(x)− z‖ + 1)(d(x,C0)+∑m
i=1 d(x,Ci )), ∀x ∈ X.

On the other hand, by Proposition 17,d(x,Ci ) ≤ −(‖x − x̂‖/ fi (x̂)) f +i (x), ∀i ∈{1, . . . ,m},∀x ∈ X. Altogether, using‖PC(x)− z‖ ≤ ‖x− z‖ ≤ ρ+‖z‖, we are done
by letting

βρ := γ(ρ + ‖z‖ + 1)max{1, (ρ + ‖x̂‖)/ min
i∈{1,... ,m}(− fi (x̂))}

ut
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Remark 14.Suppose thatm = 1. Then the conclusion of Theorem 9 also follows
from Lewis and Pang’s [26, Proposition 3]. Note that Lewis and Pang pose a certain
boundedness assumption on∂ f1, which is trivially satisfied if f1 is everywhere finite
(use [4, Corollary 7.9]).

6. More on cones and subspaces

Two closed convex cones

Fact 2. ([32, Corollary 16.4.2]) SupposeA and B are two closed convex cones inX.
Thencl (A	 + B	) = (A∩ B)	.

Proposition 18. SupposeK is a closed convex cone inX. ThenNK (x) = K	 ∩ {x}⊥
andTK (x) = cl (K +Rx), ∀x ∈ K .

Proof. Pick x∗ ∈ NK (x), i.e., 〈x∗, k− x〉 ≤ 0, ∀k ∈ K . If we let k := k′ + x, where
k′ ∈ K and hencek ∈ K , we learn that〈x∗, k′〉 ≤ 0, ∀k′ ∈ K and thusx∗ ∈ K	.
Furthermore, if we letk := 2x ∈ K , then〈x∗, x〉 ≤ 0; and ifk := 0, then〈x∗,−x〉 ≤ 0.
Altogether,NK (x) ⊆ K	 ∩ {x}⊥. The reverse inclusion is even simpler and the normal
cone formula thus follows. The tangent cone formula follows by taking polars and
invoking Fact 2.

ut
Proposition 19. SupposeA and B are two closed convex cones inX. Then

(A	 + B	) ∩ {x}⊥ = [A	 ∩ {x}⊥] + [B	 ∩ {x}⊥], ∀x ∈ A∩ B.

Proof. Clearly, the right-hand side is contained in the left-hand side. Letz be a member
of the left-hand side. Thenz = a	 + b	, wherea	 ∈ A	, b	 ∈ B	, and〈z, x〉 = 0.
Now x ∈ A ∩ B; hence〈x,a	〉 ≤ 0 and 〈x,b	〉 ≤ 0. Altogether, 0= 〈x, z〉 =
〈x,a	〉 + 〈x,b	〉 ≤ 0 + 0 = 0. Hencea	 and b	 belong to{x}⊥, which yields
z= a	 + b	 ∈ [A	 ∩ {x}⊥] + [B	 ∩ {x}⊥].

ut
Proposition 20. SupposeA and B are two closed convex cones inX. Then TFAE:

(i) {A, B} has strong CHIP.
(ii) {A, B} has strong CHIP at0: (A∩ B)	 = A	 + B	.
(iii) A	 + B	 is closed.

Proof. “(i)⇒(ii)”: (A∩B)	 = N(A∩B)(0) = NA(0)+NB(0) = A	+B	. “(ii)⇔(iii)”:
Fact 2. “(i)⇐(iii)”: Fix an arbitrary x ∈ A ∩ B. We have to show thatNA(x) +
NB(x) = NA∩B(x); equivalently, by Proposition 18, that[A	 ∩{x}⊥]+ [B	 ∩{x}⊥] =
(A ∩ B)	 ∩ {x}⊥; equivalently, by Fact 2, that[A	 ∩ {x}⊥] + [B	 ∩ {x}⊥] =
cl (A	 + B	) ∩ {x}⊥. The last condition is satisfied by assumption (iii) and Propo-
sition 19.

ut
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We now re-derive and refine Jameson’s main duality result.

Theorem 10. (see also [22, Theorem 2.1]) SupposeA and B are two closed convex
cones inX. Then TFAE:

(i) {A, B} is linearly regular.
(ii) {A, B} is boundedly linearly regular.
(iii) {A, B} has strong CHIP and{A	, B	} has property (G).
(iv) A	 + B	 is closed and{A	, B	} has property (G).
(v) {A	, B	} has property (G).

Proof. “(i)⇒(ii)”: obvious. “(i)⇐(ii)”: easy to verify (use homogeneity or [3, The-
orem 3.17]). “(i)⇔(iii)”: Proposition 6 (see also Remark 3). “(iii)⇔(iv)”: Proposition 20.
“(iv)⇒(v)”: obvious. “(iv)⇐(v)”: Proposition 3.

ut
Corollary 9. SupposeA and B are two closed convex cones inX such thatA ∩ B is
linear. Then{A, B} is linearly regular and has strong CHIP,A	 + B	 is closed, and
{A	, B	} has property (G).

Proof. A ∩ B linear⇒ cl (A	 + B	) is linear (Fact 2)⇒ A	 + B	 is linear ([32,
Theorem 6.3])⇒ A	+B	 is closed⇒{A, B} has strong CHIP (Proposition 20). Since
A	 + B	 is closed andlinear, Proposition 5 implies{A	, B	} has property (G). The
result now follows from Theorem 10.

ut
The next example shows the importance of the assumption on linearity in Corollary 9.

Example 5.Let X := R3, A := {(x1, x2, x3) ∈ X : x2
1 + x2

2 ≤ x2
3, x3 ≥ 0}, and

B := {(x1, x2, x3) : x1 = x3}. Then{A, B} fails to have CHIP at every nonzero point in
the intersection ofA∩ B.

Corollary 10. SupposeA and B are two convexpolyhedralcones inX. Then{A, B}
is linearly regular and has strong CHIP,A	 + B	 is closed, and{A	, B	} has prop-
erty (G).

Proof. Theorem 10 and Fact 1.
ut

Remark 15.All results in this subsection remain valid for finitely many closed convex
cones; some will generalize to infinite-dimensional Hilbert space (see Jameson’s [22]).

Two subspaces and their angle

SupposeA andB are two subspaces ofX. Then, by Proposition 5, the collection{A, B}
has property (G). By Corollary 1, there existsα > 0 such that‖x‖A+B ≤ α‖x‖,
∀x ∈ A+ B. In this subsection, we identify the “best” possibleα, the square of which
we define now.



CHIP, regularity, (G), and error bounds 157

Definition 9. SupposeA and B are two subspaces ofX. Define

β(A, B) := sup
x∈(A∩B)⊥∩BX

min
u∈A⊥,v∈B⊥,u+v=x

‖u‖2+ ‖v‖2.

The following notion of the angle between two subspaces goes back to 1937.

Definition 10. (Friedrichs [17]) SupposeA and B are two subspaces ofX. Theangle
betweenA and B is the angle in[0, π/2] whose cosine is defined by

c(A, B) := sup
{〈a,b〉 : a ∈ A∩ (A∩ B)⊥ ∩ BX,b ∈ B∩ (A∩ B)⊥ ∩ BX

}
.

Remark 16.BecauseX is finite-dimensional, we conclude:• the supremum in Defin-
ition 10 is attained and hence a maximum;• thus the angle is always bigger than 0;
equivalently, the cosine is always less than 1. For more information on the angle, the
reader is referred to Deutsch’s comprehensive survey [10].

Proposition 21. SupposeA and B are two subspaces ofX. Then:

(i) A = B if and only if A⊥ ∩ (A+ B) = {0} and B⊥ ∩ (A+ B) = {0}.
(ii) if A = B $ X, thenβ(A, B) = 1

2.

Proof. (i): “⇒” is trivial. We prove the contrapositive of “⇐”: assumeA 6= B. Then
A+ B % A or A + B % B. WLOG A+ B % A. Pick s ∈ (A+ B) \ A and write
s= PAs+ PA⊥s. ThenPA⊥s is nonzeroand contained inA⊥. Also, PA⊥s= s− PAs ∈
(A+ B) − A = A+ B. Altogether,PA⊥s ∈ A⊥ ∩ (A+ B) \ {0} and (i) is proven.
(ii): pick an arbitraryx ∈ A⊥ = B⊥ = (A ∩ B)⊥. Then miny∈A⊥ ‖x − y‖2 + ‖y‖2
is attained aty = 1

2x (use Convex Calculus) with value12‖x‖2. BecauseA⊥ contains
nonzero vectors, we deduceβ(A, B) = 1

2.
ut

Theorem 11 (property (G) and the angle). SupposeA andBare two subspaces ofX.
Thenβ(A, B) ≤ 1/(1− c(A, B)); more precisely:

β(A, B) =


0, if A = B = X;
1
2, if A = B $ X;

1
1−c(A,B) , otherwise.

Proof. Recall that(A ∩ B)⊥ = A⊥ + B⊥. Fix an arbitraryx ∈ (A∩ B)⊥ ∩ BX. Then
there existu ∈ A⊥ andv ∈ B⊥ such thatx = u + v. For brevity, letS := A+ B and
S⊥ = (A+ B)⊥ = A⊥ ∩ B⊥. Write u = PS⊥(u) + PS(u) andv = PS⊥(v) + PS(v).
ThenPS(u) = u− PS⊥(u) ∈ A⊥ − (A⊥ ∩ B⊥) ⊆ A⊥ and similarlyPS(v) ∈ B⊥. Thus

PS(u) ∈ A⊥ ∩ (A+ B) andPS(v) ∈ B⊥ ∩ (A+ B).

By [10, Lemma 2.10.2.(b)],〈−PS(u), PS(v)〉 ≤ c(A⊥, B⊥)‖PS(u)‖‖PS(v)‖. Since
c(A, B) = c(A⊥, B⊥) ([10, Theorem 2.16]), we get〈−PS(u), PS(v)〉 ≤
1
2c(A, B)(‖PS(u)‖2 + ‖PS(v)‖2), which easily leads to‖PS(u) + PS(v)‖2 ≥ (1 −
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c(A, B))(‖PS(u)‖2+ ‖PS(v)‖2). Using this, 0≤ c(A, B) < 1, and Pythagoras (twice),
we obtain the following chain of inequalities:

‖x‖2 = ‖u+ v‖2 = ‖PS(u+ v)+ PS⊥(u+ v)‖2
= ‖PS(u)+ PS(v)‖2 + ‖PS⊥(u+ v)‖2
≥ (1− c(A, B))(‖PS(u)‖2 + ‖PS(v)‖2)+ ‖PS⊥(u+ v)‖2
≥ (1− c(A, B))(‖PS(u)‖2 + ‖PS(v)‖2+ ‖PS⊥(u+ v)‖2)
= (1− c(A, B))(‖PS(u)‖2 + ‖PS(v)+ PS⊥(u+ v)‖2).

Now PS(u) ∈ A⊥ andPS(v)+ PS⊥(u+ v) ∈ B⊥, hence

min
u′∈A⊥,v′∈B⊥,u′+v′=x

‖u′‖2 + ‖v′‖2 ≤ ‖PS(u)‖2+ ‖PS(v)+ PS⊥(u+ v)‖2

≤ 1

1− c(A, B)
‖x‖2 ≤ 1

1− c(A, B)
.

Since we chosex ∈ (A∩ B)⊥ ∩ BX arbitrarily, we deduceβ(A, B) ≤ 1/(1− c(A, B)).
“more precisely”:Case 1: A = B = X. Then A⊥ = B⊥ = (A ∩ B)⊥ = {0},
which yieldsβ(A, B) = 0. Case 2:Proposition 21.(ii).Case 3: A 6= B. Note that
(A⊥ ∩ B⊥)⊥ = A + B. Sincec(A, B) = c(A⊥, B⊥) (again [10, Theorem 2.16])
and since(A⊥ ∩ (A + B) ∩ BX) × (B⊥ ∩ (A + B) ∩ BX) is compact, there exist
ū ∈ A⊥∩ (A+ B)∩ BX andv̄ ∈ B⊥∩ (A+ B)∩ BX such that〈−ū, v̄〉 = c(A⊥, B⊥) =
c(A, B). Now A 6= B. Hence, in view of Proposition 21.(i), we assume WLOG that
‖ū‖2 + ‖v̄‖2 > 0. Supposeu ∈ A⊥ andv ∈ B⊥ are such thatu + v = ū + v̄. Then
u− ū = v̄− v ∈ A⊥ ∩ B⊥ = (A+ B)⊥, hence〈ū,u− ū〉 = 0 and〈v̄, v− v̄〉 = 0. This
implies‖u‖ ≥ ‖ū‖ and‖v‖ ≥ ‖v̄‖ (expand‖u‖2 = ‖(u− ū)+ ū‖2). Thus

min
u∈A⊥,v∈B⊥:u+v=ū+v̄

‖u‖2+ ‖v‖2 = ‖ū‖2 + ‖v̄‖2.

It follows that ‖ū‖2 + ‖v̄‖2 ≤ β(A, B)‖ū + v̄‖2; equivalently,−2β(A, B)〈ū, v̄〉 ≤
(β(A, B)− 1)(‖ū‖2 + ‖v̄‖2). By definition ofū andv̄, we obtain

2β(A, B)c(A, B) ≤ (β(A, B)− 1)(‖ū‖2+ ‖v̄‖2).
In the last inequality, the left-hand side is nonnegative and the factor(‖ū‖2 + ‖v̄‖2)
on the right-hand side is strictly positive, henceβ(A, B) ≥ 1 > 0. After dividing by
2β(A, B) and recalling that both̄u andv̄ belong toBX, we obtain

c(A, B) ≤ β(A, B)− 1

2β(A, B)
(‖ū‖2 + ‖v̄‖2‖) ≤ β(A, B)− 1

β(A, B)
;

equivalently,β(A, B) ≥ 1/(1− c(A, B)) (sincec(A, B) < 1).
ut

Theorem 11 allows us to write concisely:c(A, B) = (1− 1/β(A, B))+.
We can now use the angle between the two subspaces to estimate the quantity in the

definition of bounded linear regularity.
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Corollary 11. SupposeA and B are two subspaces ofX. Then:

d(x, A∩ B) ≤ √β(A, B)(d(x, A)+ d(x, B)) ≤ d(x, A)+ d(x, B)√
1− c(A, B)

, ∀x ∈ X.

Proof. Theorem 11 and Proposition 6.
ut

Remark 17.We do not know how Theorem 11 generalizes to more than two subspaces.
Definition 9 has an obvious analog. As for the angle between more than two subspaces,
one could employ the definition of the angle suggested in [5, Definition 3.7.5]. Finally,
Theorem 11 generalizes to infinite-dimensional Hilbert space.
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