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This exam has 8 questions for a total of 54 points.

SPECIAL INSTRUCTIONS
e Show and explain all of your work unless the question directs otherwise. Simplify all answers.
e The use of a calculator is permitted.

e Answer the questions in the spaces provided on the question sheets. If you run out of room
for an answer, continue on the back of the page.
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1. Consider the ODE

dy
= kty? k> 0.
dt y Y
Which of the direction fields corresponds to the given ODE? Circle it. Then explain
your choice.
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2. A tank, of volume 1000 L, is initially filled with x(0) = 0 kg of salt. At time ¢ = 0,
inflow and outflow valves are opened. The inflow valve carries a brine solution containing
0.4sin(t) kg of salt per litre. The inflow and outflow rates are both 10 L/min. Let x(¢)
be the amount of salt in the tank at time ¢. Assuming the solution is kept well-stirred,
determine the amount of salt in the tank at all times ¢ > 0. Include a sketch in your
solution. (Answers and work should be in fractions, not decimals.)

Hint: If you come across an integral that you cannot remember how to evaluate, you
may find the integral you need in the table at the end of the exam. Note that you will

lose a few marks if you simply use the result in the table and skip the integral evaluation
step.
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Workspace for problem #2.
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3. Give the first four terms of the Taylor series expansion of f(t) = sin(at) about t = 0.
The parameter a is an arbitrary constant.

4. Consider the initial value problem
d
d—itt = 2u, u(0) = 1. (1)

(a) Write the Forward Euler formula for w,; corresponding to the given ODE.

(b) Using the Forward Euler method, and A = A ¢ = 0.1, fill in the table below. Show

your work!

3 I |
0 1

1
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5. The existence and uniqueness theorem for variable coefficient equations is as follows:

Theorem 5: Suppose p(t), ¢(t), and g(t) are continuous on an interval (a, b)
that contains the point ¢3. Then, for any choice of the initial values Y, and
Y1, there exists on the same interval (a,b) a unique solution y(¢) to the initial
value problem

y'(t) + )y () +q)y(t) = g(t),  ylto) =Yo, ¥'(te) ="1.

Use Theorem 5 to discuss the existence and uniqueness of solutions to the IVPs below:

(a) t(t —3)y" + 2ty —y = t?, y(1)=-1, y'(1)=2

(b) t22" 4+ t2' + z = cos(t), 2(0)=1, 2Z'(0)=0
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6. Determine the equation of motion for a mass-spring system governed by

d2y /
E—I—y:&zos(t), y(0) =0, ¢(0)=1.

Sketch the solution and name the behaviour.
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Workspace for problem #6.
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7. Find the general solution of the ODE

1
_y// + 2y —

2 cos(2t)’

using variation of parameters. Use fractions, not decimals, in your work and answer.
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8. Using the method of Laplace transforms, solve the initial value problem

Y + 5y + 6y =e"5(t — 2), y(0) =0, %(0)=0.
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Some Potentially Useful Information

BRIEF TABLE OF LAPLACE TRANSFORMS

f(t) F(s) = L{f}(s)
1
1 - s>0
S
1
et , S>a
S—a
n n!
t s n = ]_,2, W’ s>0
(b b
Slﬂ( t) m, s> 0
S
COS(bt) 32——|—b27 s>0
|
atyn _ n:
e t, n—1,2,...m, S >a
e™ sin(bt) —b , S>a
(s —a)?+b?
at s—a
e COS(bt) m, S >a
it —a) e ™ s>0

BRIEF TABLE OF PROPERTIES OF THE LAPLACE TRANSFORM

LD} () = £LF) (5~ a)
LMY (s) = s"L{fHs) =" F(0) = 8" 2f/(0) — .. = F71(0)
LA} s) = (F1)" S (L))

THEOREM: TRANSLATION IN ¢

Let F(s) = L{f}(s) exist for s > a > 0. If a is a positive constant, then
L{f(t —a)H(t — a)}(s) = " F(s),
and, conversely, an inverse Laplace transform of e™*F(s) is given by
L e F(s)} (1) = f(t — ) H(t - a),
where H(t) is the Heaviside function.

A POSSIBLY USEFUL INTEGRAL:
1
/ebm sin(az)dr =

mebw (bsin(ax) — acos(ax)) + C
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