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SPECIAL INSTRUCTIONS
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1. Consider the PDE
∂u

∂x
+

∂u

∂y
+ u = e−3y. (1)

(a)2 Find the equation for the characteristic lines of (1).

(b)2 Use a change of variables v(w, z) = u(x, y) to convert the PDE problem in u(x, y)
into an ODE problem in v(z).

(c)4 Solve the ODE you obtained in part (b). Give the final answer in terms of x and y.

2.8 Compute the Fourier cosine series for the function

f(x) =

{
0, 0 < x < 1,

x− 1, 1 < x < 2.

Discuss the convergence of this series, and show graphically 3 periods of the function
represented by the series for all x.

3. Your fine arts friend wants to know what all the mathematical symbols in a PDE problem
mean. You explain, using the two different PDE problems below.

(a)3 Consider the following problem:

∂u

∂t
= k2∂

2u

∂x2
0 < x < L, t > 0 (2a)

u(0, t) = u(L, t) = 0 t > 0 (2b)

u(x, 0) = f(x) 0 < x < L (2c)

where f(x) is shown below.

i. Describe the physical (real world) system that the PDE problem represents.
Specify the physical quantity that the variable u(x, t) represents, and how to
physically interpret the given boundary conditions and initial condition.

ii. Without solving the PDE problem, write down the expected mathematical form
of the solution.

iii. The initial condition f(x) is shown below. Complete the plot by adding the
boundaries and two representative solutions at times 0 < t1 < t2. Label each
curve with the appropriate time value.
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(b)3 Consider the following problem:

∂2u

∂t2
= c2

∂2u

∂x2
0 < x < L, t > 0 (3a)

∂u

∂x
(0, t) =

∂u

∂x
(L, t) = 0 t > 0 (3b)

u(x, 0) = f(x) 0 < x < L (3c)

where f(x) is shown below.

i. Describe the physical (real world) system that the PDE problem represents.
Specify the physical quantity that the variable u(x, t) represents, and how to
physically interpret the given boundary conditions and initial condition.

ii. Without solving the PDE problem, write down the expected mathematical form
of the solution.

iii. The initial condition f(x) is shown below. Complete the plot by adding the
boundaries and two representative solutions at steady state.

4. Consider the PDE problem below:

∂u

∂t
= β

∂2u

∂x2
, 0 < x < π, t > 0,

∂u

∂x
(0, t) = U1, u(π, t) = U2, t > 0,

u(x, 0) = f(x), 0 < x < π.

(a)4 Derive the steady-state and transient problems that arise from the PDE problem.

(b)2 Solve the steady-state problem that arises from the PDE problem.

(c)5 Find the formal solution for the transient problem (you may assume that for non-
trivial solutions the eigenvalues must be strictly positive).

(d)1 Give the formal solution for u(x, t).
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5. Consider the initial value problem

∂2u

∂t2
= 4

∂2u

∂x2
, −∞ < x < ∞, t > 0,

u(x, 0) =

{
2(1− x2), if − 1 < x < 1,

0, else .
−∞ < x < ∞

∂u

∂t
(x, 0) = 0, −∞ < x < ∞.

(a)4 Find the solution.

(b)2 Plot the solution at t = 0, 2, and 4. Make sure that your axes have all appropriate
labels and markings.

6. Consider the set of functions {
sin

(nπx
L

)}∞

n=1
.

(a)4 Show that these functions form an orthogonal set on the interval 0 ≤ x ≤ L.

(b)2 Normalise the functions so that they form an orthonormal set on 0 ≤ x ≤ L.

7.4 Convert the Bessel equation (below) into the form of a Sturm-Liouville equation. Identify
the functions p(x), q(x), and r(x).

x2y′′ + xy′ + (x2 − ω2)y = 0, ω ∈ R

8. Consider the following boundary value problem

x2y′′ + 3xy′ + 26y = c+
1

x
, y(1) = 0, y(eπ) = 0.

(a)5 Find the adjoint boundary value problem for the associated homogeneous problem.

(b)5 Find the values of c for which the nonhomogeneous boundary value problem has a
solution.
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