Math 339 - Dynamical Systems
Sep-Dec 2019
Assignment # 4

Instructions: You are being evaluated on the presentation, as well as the correctness, of your
answers. Try to answer questions in a clear, direct, and efficient way. Sloppy or incorrect use of
technical terms will lower your mark.

1. Consider the two-species competition model

r = r1m<l—£—@y>, (1)

K1 K1

’ y P
— 1= 2 _ B2 2
Y T2y ( o :v) , (2)

where 7;, x;, and B;; are positive real parameters. Show that Dulac’s criterion but not
' Bendixson’s criterion can be used to establish the fact that no limit cycles exist. (Hint: Let

B(z,y) = 1/zy.

2. Consider the May predator-prey model (also called the Leslie-Gower model or the May-
Holling-Tanner model):
f=n(l-n)— aﬁ%p, (3a)
5 p
=pp(1-£). 3b
p=pp ( - (3b)
We will focus on the case where « =1, p = 0.2, and 8 = 0.1.

(a) Find the steady states and their stability (ignore the simgular point at (0,0).

(b) Show that the coexistence steady state goes through a Hopf bifurcation. (Hint: Recall
that we found the Hopf bifurcation in the previous predator-prey model by shifting the
predator nullcline to the left until it fell to the left of the peak in the prey nullcline. The
equivalent shift in this model is to change the angle of the predator nullcline. Thinking
this way should help you select the best bifurcation parameter.

(c) For the given parameter values, the system has the limit cycle solution shown in Fig-
ure 1. Prove the existence of the limit cycle using the Poincaré-Bendixson Theorem.
Use Figure 1 to help you figure out what trapping region you should use.



Figure 1: Figure for question # 2.

n'=n({1.-n}-alpha npfbeta + n} alpha=1 beta=01
p'=rhop(1-pn} rho=0.2

3. Consider the first plankton-oxygen dynamics paper [1] (a link to the paper appears in the
“Lecture Notes” web page for the course). Verify that equations (13)-(15) with equations (16)-
(18) yields the dimensionless equations (19)-(21). Explain why you know that the variable ¢/
is dimensionless.

4. Read the Introduction to [1].

(a) What is the difference between phytoplankton and plankton?

(b) What is the percentage of atmospheric oxygen produced by phytoplankton according to
the paper (the number is higher than what I stated in class)?

c¢) What is “net oxygen production”?
g

(d) Name some other effects that plankton can have on the climate (two references are given
- you can find the information you need there, or through internet research at reputable
sites)?

5. In [3], the authors state that with their earlier work, “it remained unclear how robust the
prediction of oxygen depletion in response to a sufficiently large increase in water temperature
is to the details of parametrization of the coupling between phytoplankton and oxygen.”
More specifically, “model prediction can only be regarded as meaningful if it does not depend
strongly on the specific choice of functional feedbacks.” The authors thus study seven (!)
different phytoplankton-oxygen models. A summary appears in Table 1. Look at the seven
different models, and explain how the functional forms were varied. (Hint: You can think
of this exercise as adding a new column to Table 1 in which the mathematical forms of the
different functional responses are included.) Plot the different functional responses using
Maple (or equivalent) to show how they differ.



6. How has the study of nonlinear ODE models, and the oxygen-phytoplankton models in par-
ticular, affected your understanding of climate change models? (One-paragraph answer (more
is allowed, if you have lots to say!).)
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;> with(LinearAlgebra) :

| First, we compute the steady state as a function of alpha and beta.
((1 — alpha — beta) + sqrt( (1 — alpha —beta)® + 4-beta) )
2

1 1 1, 1 Y
nstar:= 5~ o 2[3+2/(1 a—B)° +4p (1)

> nstar =

| Then we compute the Jacobian at the steady state.

> Ji= << 1 — 2. nstar - alpha-beta-nstc;r’ rho>‘<— alpha-nstar ’ —rho>> :
L (beta + nstar) (beta + nstar)

Then we compute the Trace and Determinant of the Jacobian, and use the unapply
| command to turn the Trace and Jacobian into functions of alpha, beta, and rho.

> Tr]:= unapply(J(1, 1) + J(2, 2), alpha, beta, rho) : DetJ

:= unapply(Determinant(J), alpha, beta, rho) :

If we are interested in beta as a bifurcation parameter, we plot TrJ(beta) and DetJ
| (beta).
> plot([ Tr](1, beta, 0.2), DetJ(1, beta, 0.2) ], beta= 0.04..0.2, colour = [ red, blue],

gridlines)
0.2]
0.11
O "ob6  obs 010
0.1

In order for a Hopf bifurcation to occur, we require that TrJ(beta*)=0, DetJ(beta*)>0,
and the derivative of TrJ(beta) be nonzero at beta=beta*. We see that all three of
these conditions are satisfied at beta*~= 0.122. Since TrJ(beta) goes from positive to
| negative values as beta increases, the bifurcation is a subcritical Hopf bifurcation.




If we are interested in alpha as a bifurcation parameter, then we plot TrJ(alpha) and
| DetJ(alpha).
> plot([ TrJ(alpha, 0.1, 0.2), DetJ(alpha, 0.1, 0.2) ], alpha = 0.6..1.5, colour = [ red,
blue], gridlines)

>

In order for a Hopf bifurcation to occur, we require that TrJ(alpha*)=0, DetJ(alpha?*)
>0, and the derivative of TrJ(alpha) be nonzero at alpha=alpha*. We see that all
three of these conditions are satisfied at alpha*~= 0.9. Since TrJ(alpha) goes from
negative to positive values as alpha increases, the bifurcation is a supercritical Hopf
| bifurcation.




<<z’> 14 /‘

—

Q% «vLéLV(l" /

,.rﬁmw%%bdx@cs e
%%Mw

57%07[9/
oL a_ Ut %d_a VLQMLJD



/T pt- Hoe ends
|
’cr ;0¥
| I
RN
EEED
R P
\/‘W | ‘
| 2
(Prrp
[

| | | 4 \ I |

et
 gfjf;i‘”“Vf
1
)
o
A

&ndﬁfi,‘,fuaﬁa U lca Nt ||

ﬁ
4,
w
f
*
|

P
4)(4'
R
lad
i bg 1L
| |
ggﬂm

Con
00 | oA

,, — | | | | ! I

1l VXN (LA

T

(e |
1(94
L;)
D
A

%4
i
/

q éw’{m/ 7
1/
J%
¢.
A
4
A
S

2
ﬂL%imﬂ’fffﬂf‘;“ "
'y
1(%) ania
m
WL
" T
A
A
re ol
2 p
Paran
ﬂceﬂ'ﬁ&u
2 O N
d;\/ULo)
|

g
feol (| H
axf | pranded YL
gt
c/\/k“,ﬁ”

15

__)_ T
4

||

15

W,
0 G

\

4

el ooty
ot
TWA

(Haa

AN

(3

7 ledvollas

%
A&7

W ey

) } . 1l

LA
o
!
¢

,,,,,

| | i | | I ] | ! | 1

~

rd

>
/My o e -3 do | dre | phalridid| EVI pt-Hulonds |
ARANIN oI,

<
:
1)

ﬁﬁﬁﬁﬁﬁﬁ

=

i h | I (N ([ NN (WS S S S SN SN | S

{ | | | | i
| | |




‘dl— H’ )UL "(A,(_( w
- 5 7% 6 )
/;— : 3@0 @C@ u~>

W,L -

/ ‘

| M((’ W) = o + e m = |
Qe - fw peol
”MMZ W(ou\«—mm T =] ||
- Sleludal gt | .57
T LLT"‘e\; | "U"zola ‘
W=5 M LL\ Wp,+u¢ 405 0 -o.l
Q&%d WL 4l ezl e
W“«L W/th) W’/*_ﬁi_ 0,205 =]
e, | |
Hlw) s wr 057
L | el .
mzus ch wl) e «maru el ¢, =0.5
C;{-'(' | ! ‘
L E A,
Qéo@ i@bﬂmw £-0.57 f=0.

Mecul (5 WL, uf)=me/-rwc_ m=( ¢ =05

-

Q(@ w) = fu, N=6. |

Mﬂv&ﬁ‘% ”M{cw)zm-ru,a # Ve m=(e 20,5 V

i 0, 0y | 7t z
('J"GL Cf'é : 3‘ )4)"?0.5
éza57

(92(0 w) CUU' + e



We first plot the M functions. There are three different types used in the 7 models.

> ._ . . — . u-co, — u-c 001-03-c.
Mi= (o) = c+uoMz=(Gu) =+ =00 CtTros T T o+l

> Miplor = piot3d(Mi(c, u), c=0.5 u=0.5 aes = yoxed e = 'ilineq" ), M2plot := plot3d(M2(c, 1), c=0.5 u=0.5, axes
= boxed, ttle = "linear & Monod" ); M3piot = piot3d(M3(c, 1), c=0.5, u=0.5, @es= doxed Ntle = "linear & Monod x 2");
Mplots = ((Miplor)|(M2plot) |(M3piot) )

> display(Mplors)
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We now plot the Q functions. There are three different types used in the 7 different models.

> 0.3-1
=0 —-01wQ2:=u-—
Q Q. u+05

;Q3 =

W -

0.3-u
+05

+ 0.1-u

> pilot([Qilu), Q2(u), Q3(u)], u=0.5, aes= framed legend = ["linear”, "Holling II", "linear and Holling I1I"]);

0.7-
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