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SPECIAL INSTRUCTIONS

• Show and explain all of your work unless the question directs otherwise.

• No marks are given for answers without supporting work.

• The use of a calculator is not permitted.

• Answer the questions in the spaces provided on the question sheets. If you run out of
room for an answer, ask for extra paper.

This is a two-stage exam. You have 50 minutes to complete the exam individually, then
you will hand in the tests and join your group to redo the test as a group in the remaining
30 minutes.

This exam consists of 9 pages including this cover page. Check to ensure that it is complete.
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1. Consider the nonlinear ODE system below:

ẋ = x cos(πy), (1a)

ẏ = x3 − y, (1b)

where
{(x, y) ∈ R2 | 0 ≤ x ≤ 2, 0 ≤ y ≤ 1}.

(a)8 Find the nullclines and steady states (there are two), and determine their stability.
For any steady state that is a saddle node, find the eigenvectors. Verify your work
with Figure 1 (next page), which shows the nullclines and direction field arrows
for (1).
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(b)6 Use the information in Figure 1 and your results from part (a) to fill in solution
curves throughout the phase plane. If there is a saddle, make sure the eigenvectors
are also included.

x ' = x cos(pi y)

y ' = x 3 - y    
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The forward orbit from (0.64, 1.5) --> a possible eq. pt. near (0.79, 0.5).

The backward orbit from (0.64, 1.5) left the computation window.

Ready.

Computing the field elements.

Ready.

(-0.173, 1.21)Cursor position: 

Quit

Print

Figure 1: Some components of the phase plane plot of (1).
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2. Consider the system of differential equations

ẋ = y, (2a)

ẏ = −(x+ x2)− y(3y2 + 3x2 + 2x3 − 1). (2b)

(a)4 Show that the set L(x, y) = 0 where

L(x, y) =
1

2
y2 +

1

2
x2 +

1

3
x3 − 1

6

is an invariant set for (2). Make sure you write your proof carefully.

(b)1 Show that the L = 0 invariant set includes the steady state at (-1,0).
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(c)2 The eigenvalues and eigenvectors at the (-1,0) steady state are (rounded to the
nearest second decimal point):

λ1 = 1, ~v1 =

[
1
1

]
, λ2 = −1, ~v2 =

[
1
−1

]
The invariant set L = 0 is shown in Figure 2. Use the eigenvalues and eigenvectors to
determine which branch of the invariant set is stable with respect to the steady state,
and which is unstable. Sketch the initial portions of the invariant sets passing through
(-1,0) in the region x > −1.

x ' = y                                          

y ' = - (x + x 2) - y (3 y 2 + 3 x 2 + 2 x 3 - 1)
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The backward orbit from (-1, 0.01) left the computation window.

Ready.

The forward orbit from (-1, -0.0073) left the computation window.

The backward orbit from (-1, -0.0073) left the computation window.

Ready.

(-1.71, 0.708)Cursor position: 

Quit
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Figure 2: Plane plot of (2) showing the invariant set L = 0 and the nullclines at the (-1,0)
steady state.
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3.9 Let x be the state variable and µ ∈ R a bifurcation parameter. Sketch the bifurcation
diagram for the differential equation

ẋ = x3 − ω2x,

where ω ∈ R. Show all of your work!
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4.5 Consider the system of equations

ẋ = y, (3a)

ẏ = −y3 + γy − x, (3b)

where γ ∈ R is a parameter. The only steady state for this system is at (x, y) = (0, 0).
The eigenvalues of the Jacobian at the steady state are given by

λ± =
γ ±

√
γ2 − 4

2
.

Assume |γ| < 2. Explain how the stability of the (0,0) steady state varies as γ increases
from values below 0 to values above 0. What is the bifurcation that occurs at γ = 0?
What structure might emerge as γ passes through the value 0?
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5. [2] BONUS POINTS: Name the bifurcation in question 3! (Hint: It’s a compound
bifurcation, that is, one bifurcation that you should recognise immediately followed by
another bifurcation that you should also recognise.)
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Question: 1 2 3 4 5 Total

Points: 14 7 9 5 0 35

Score:
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