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Abstract
The gradient method is well known to globally converge linearly when the objective function is strongly
convex and admits a Lipschitz continuous gradient. In many applications, both assumptions are often
too stringent, precluding the use of gradient methods. In the early 60, after the amazing breakthrough
of Lojasiewicz on gradient inequalities, it was observed that uniform convexity assumptions could be
relaxed and replaced by these inequalities. On the other hand, very recently, it has been shown that the
Lipschitz gradient continuity can be lifted and replaced by a class of functions satisfying a Non-Euclidean
descent property expressed in terms of a Bregman distance. In this note, we combine these two ideas
to introduce a class of non-Euclidean gradient-like inequalities, allowing to prove linear convergence
of a Bregman gradient method for nonconvex minimization, even when neither strong convexity nor
Lipschitz gradient continuity holds.
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Introduction

The gradient descent method is one of the oldest and most fundamental first order iterative algorithm in optimization. Its low computational complexity makes it an ideal algorithm for solving
very large scale problems where medium accuracy is sufficient. Modern applications which are often very large or even huge scale have thus provoked a resurgence of gradient based schemes. This
can be seen through the intensive recent research activities in many disparate fields, e.g., machine
learning, signal processing, image sciences, communication systems, see for instance [32, 36] and
references therein, as well as the more recent books [13, 9].
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A central assumption in most first order minimization methods is to require Lipschitz continuity
of the gradient of the objective function. This property implies the fundamental descent lemma (see
e.g., [13]). In turn, it allows to establish the following well-known inequality for the unconstrained
minimization of a function f ∈ CL1,1 , namely a differentiable function with an L-smooth gradient:
1
k∇f (x)k2 ≤ f (x) − f∗ , ∀x ∈ Rn ,
2L

(1.1)

where f∗ := min{f (x) : x ∈ Rn } > −∞. The latter inequality combined with the assumption that
f is also assumed σ-strongly convex, implies the linear rate of the gradient method for such a class
of functions [33]. In the same work, it is observed that a reverse inequality (1.1),
∃c > 0 : (∀x ∈ Rn ) k∇f (x)k2 ≥ c(f (x) − f∗ ),

(1.2)

allows to relax the strong convexity assumption on the function f , (which is in fact implied by (1.2)
with c := 2σ), and yet preserve the linear rate of convergence for the class of nonconvex functions
f ∈ CL1,1 . This inequality (1.2) was actually a special case of the much more general Lojasiewicz
gradient inequality [27] which holds for a wide class of functions, including all real-analytic functions, and which was a turning point for real semi-algebraic/semi-analytic geometry [28]. Today’s
strong renewed interest for these inequalities in optimization is due to a nonsmooth Lojasiewicz inequality [15], which allows to cope with many genuine optimization problems featuring constraints
and nonsmoothness, see [18]. In a recent paper [17] complexity results for first order methods in
this broad setting are provided under a Lojasiewicz type assumption. In the present work, we make
an attempt to understand how these inequalities could be generalized in a non-Euclidean setting,
but we shall avoid the terminology Lojasiewicz inequality (which could be misleading) and we will
pertain to the more neutral vocabulary of gradient dominated functions. Before considering these
questions let us present our enlarged framework by recalling how the lack of Lipschitz continuity
of the gradient can be dealt with (see e.g., Bertero et al. [12] for examples of problems without
Lipschitz gradient).
Recently, Bauschke, Bolte, and Teboulle [7] recast the Lipschitz gradient condition into a simple
and more general convexity assumption whose generalization is immediate and far reaching. Their
approach captures all at once the geometry of a given minimization problem, the key point being the
existence of a powerful descent lemma involving the so-called Bregman distance [19]; see Section 2
for details. For a related approach, see also the recent work [31]. This opened a new path to a broad
spectrum of optimization models arising in many applications, see e.g., the very recent work [18] and
references therein, which further investigated the Bregman proximal gradient method for nonconvex
nonsmooth minimization problem. Sublinear efficiency estimates in terms of value functions were
established in [7] for Bregman based proximal gradient methods in the convex setting. Moreover,
as shown in [38, Proposition 4.1], linear convergence of the Bregman proximal gradient method
follows as an easy consequence of the framework given in [7], by assuming a Bregman-like strong
convexity assumption [3], see Section 4. In this work, we focus on a Bregman gradient scheme for
nonconvex objective functions, see Section 2. Motivated by the above old [27, 33] and new [7] ideas,
this paper attempts to answer the following challenging natural question:
Can we develop a linear convergence “theory” for the gradient descent in the framework of
Bregman distances freed from Lipschitz gradient continuity and any type of strong convexity?
More specifically, our main objective is to discover what should be a gradient-like dominated
inequality with respect to a kernel function defining a Bregman distance, that would: (i) naturally
replace its Euclidean version given through the norm squared of a gradient in (1.2); (ii) allow
to derive linear convergence of Bregman gradient methods for minimizing nonconvex functions
lacking strong convexity and Lipschitz continuity. Our approach towards these goals is developed
2

in Section 3 where we introduce the key tools. Global linear convergence of the Bregman gradient
scheme is derived in Section 4.
Notation. The notation we employ is standard and follows, e.g., [8, 34, 35].pLet Rn be the ndimensional Euclidean space with inner product h·, ·i and induced norm kxk := hx, xi for x ∈ Rn .
We set Q(x) := kxk2 /2 the energy function. For a subset C in Rn , its interior and closure are
respectively denoted by int C and C. For a function f : Rn → ]−∞, +∞], we use dom f for its
domain, and f ∗ for its Legendre-Fenchel conjugate.
We let R+ := [0, +∞[ and R++ := ]0, +∞[.

2

Preliminaries, the Problem and the Algorithm

In this section, we describe the optimization problem setting, and basic algorithm. We start with
some auxiliary results on Bregman distances and symmetric coefficients of Legendre functions.
The gradient descent method described below in terms of Bregman distances (termed Bregman
Gradient (BG) algorithm) we study is not new, and it has been investigated by many researchers
under various conditions on the problem’s data. The literature on the subject is wide and it is not
our intent to further elaborate on these. For more details and applications on first order methods
based on Bregman distances, including earlier works as well as recent ones, see the very recent
survey [38] and references therein.

2.1

Bregman Distances

Definition 2.1 (Legendre function) [34, Section 26]. Let h : Rn → ]−∞, +∞] be a lsc proper
convex function. We say that h is Legendre if h is essentially smooth and strictly convex on
int dom h 6= ∅.
Essentially smooth means that h is differentiable on int dom h 6= ∅ with k∇h(xk )k → ∞ for
each sequence (xk )k∈N ⊂ int dom h converging to a boundary point of dom h as k → ∞.
Note that we have adopted here the simple terminology for a Legendre Function. Functions
of Legendre type are defined in [34] under essential strict convexity (i.e., strict convexity on every
convex subset of dom ∂h). When h is essentially smooth, essential strict convexity reduces to strict
convexity on int dom h; for more details and more general facts on functions of Legendre type, see
[34, Section 26].
Recall that with h Legendre, so is its conjugate h∗ , and the following useful properties hold:
• dom ∇h = int dom h, dom ∇h∗ = int dom h∗ and ran ∇h = dom ∇h∗ .
• (∇h)−1 = ∇h∗ and h∗ (∇h(x)) = hx, ∇h(x)i − h(x) ∀x ∈ int dom h.
Using the Legendre function h, the Bregman distance [19] associated with h is defined by
Dh (x, y) := h(x) − h(y) − h∇h(y), x − yi, ∀x ∈ dom h, y ∈ int dom h.
Bregman distance is a proximity measure in the sense that Dh (x, y) ≥ 0 and from the strict
convexity of Dh (·, y), we have Dh (x, y) = 0 ⇔ x = y, ∀ (x, y) ∈ dom h × int dom h.
When no confusion arises, we also write Df (x, y) = f (x) − f (y) − h∇f (y), x − yi even when f
is not convex.
The proximity measure defined through the Bregman distance Dh has been extensively studied.
For early developments, examples of Bregman distances, as well and many other useful properties,
see e.g., [26, 21, 37, 22, 24, 20, 16, 4] and references therein. Below, we recall some of these basic
properties that will be used repeatedly in sequel, and give some classical examples.
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(P1) Dh (x, y) = Dh (x, z) + Dh (z, y) + h∇h(z) − ∇h(y), x − zi, ∀ x ∈ Rn , y, z ∈ int dom h.
(P2) Dh (x, y) = Dh∗ (∇h(y), ∇h(x)), ∀ x, y ∈ int dom h.
(P3) On the set of differentiable functions, h 7→ Dh is a linear operator, namely,
(∀h1 , h2 ∈ C 1 )(∀β1 , β2 ∈ R) Dβ1 h1 +β2 h2 = β1 Dh1 + β2 Dh2 .
In Rn , often one uses Legendre functions with
P separable structure h(x) =
hi : R → ]−∞, +∞] is Legendre. Then h∗ (y) = ni=1 h∗i (yi ) and

Pn

i=1 hi (xi )

where

∇h(x) = (h01 (x1 ), . . . , h0n (xn )), and ∇h∗ (y) = ((h∗1 )0 (y1 ), . . . , (h∗n )0 (yn )).
The corresponding Bregman distance Dh then preserves this separable structure. Below we list
well-known concrete examples.
Example 2.2 Let h : R → ]−∞, +∞].
(i) The function h(x) = |x|p /p, p > 1. It has h∗ (y) = |y|q /q, h0 (x) = |x|p−1 sign x, and (h∗ )0 (y) =
|y|q−1 sign y, where 1/p + 1/q = 1. In particular, the energy function h(x) = x2 /2 has
h∗ (y) = y 2 /2, h0 (x) = x, and (h∗ )0 (y) = y.
(ii) The Boltzmann-Shannon entropy h(x) = x ln x − x, dom h = [0, +∞). It has h∗ (y) = ey ,
h0 (x) = ln x, and (h∗ )0 (y) = ey .
(iii) The Burg entropy h(x) = − ln x, dom h = R++ . It has h∗ (y) = − ln(−y) − 1 with dom h∗ =
R−− , h0 (x) = −1/x, and (h∗ )0 (y) = −1/y.
(iv) The strongly convex Fermi-Dirac entropy h(x) = x ln x + (1 − x) ln(1 − x), dom h = [0, 1]. It
x
has h∗ (y) = ln(ey + 1), h0 (x) = ln 1−x
, and (h∗ )0 (y) = ey /(1 + ey ).
√
(v) p
The strongly convex Hellinger
entropy
h(x)
=
−
1 − x2 , dom h = [−1, 1]. It has h∗ (y) =
p
√
0
∗
0
2
2
1 + y , h (x) = −x/ 1 − x , and (h ) (y) = y/ 1 + y 2 .
(vi) The fractional power h(x) = px − xp /(1 − p), dom h = R+ . It has h∗ (y) = (1 + y/q)q ,
h0 (x) = p − pxp−1 /(1 − p), and (h∗ )0 (y) = (1 + y/q)q−1 . Here dom h∗ = (−∞, −q], 0 < p <
1, 1/p + 1/q = 1.
Symmetry coefficient of a Legendre function
In general, Dh is not symmetric. Thus, in order to relate Dh (x, y) to Dh (y, x), the following
useful measure for the lack of symmetry in Dh was introduced in [7].
Definition 2.3 (symmetry coefficient) (see [7]) Given a Legendre function h : Rn → ]−∞, ∞],
its symmetry coefficient is defined by


Dh (x, y)
α(h) := inf
: (x, y) ∈ int dom h × int dom h, x 6= y ∈ [0, 1].
(2.1)
Dh (y, x)
Clearly, α(h) = 1 if and only if Dh is symmetric. Moreover, as noted in [7], the latter happens
if and only if h is a strictly convex linear-quadratic function; this can be deduced from [6, Lemma
3.16].
The following result collects some useful properties of the symmetry coefficient α(h), which
readily follows from the definition, see [7].
4

Fact 2.4

(i) α(ph) = α(h) for p > 0.

(ii) α(h) = α(h∗ ).
(iii) If dom h is not open, then α(h) = 0.
(iv) (∀x ∈ int dom h)(∀y ∈ int dom h) α(h)Dh (x, y) ≤ Dh (y, x) ≤ α(h)−1 Dh (x, y), where we
have adopted the convention that 0−1 = +∞ and +∞ × r = +∞ for all r ≥ 0.
As shown in [7], total lack of symmetry, i.e., α(h) = 0 occurs both for the Boltzmann–Shannon
Pn
(this follows
from
(iii)),
and
the
Burg
entropies
respectively
given
by
h(x)
=
i=1 xi ln xi , and
√
Pm
4
h(x) = − i=1 log xi , while α(h) = 2 − 3 > 0 for h(x) = x . More generally, it can be verified
that α(h) > 0 for the Legendre function on R given by h(x) = x2p for every p ≥ 1. Likewise, if h is
σ-strongly convex and L-smooth on int dom h, with σ, L > 0, (i.e., h − σQ, and LQ − h are convex,
which equivalently reads as σDQ ≤ Dh ≤ LDQ ), then it immediately follows that α(h) ≥ σ/L > 0.

2.2

The Problem, Algorithm and Blanket Assumption

We consider the following nonconvex minimization problem:
(P) ν(P) := inf f (x), where C := dom h,
x∈C

(2.2)

under the following standing assumption:
Assumption A
(i) h : Rn → ]−∞, +∞] is a Legendre function.
(ii) f : Rn → ]−∞, +∞] is a lower semicontinuous (lsc) function with dom f ⊃ dom h which is
differentiable on int dom h.
(iii) inf x∈dom h f (x) = inf x∈dom h f (x) = ν(P) > −∞.
To solve (P), we consider the following Bregman-Gradient, BG for short, algorithm, which
replaces the squared Euclidean distance in the usual gradient method with a Bregman distance:
BG – Bregman Gradient Algorithm
For any initial point x0 ∈ int dom h, and chosen stepsize λ > 0, generate the sequence (xk )
via the iteration
xk+1 := ∇h∗ (∇h(xk ) − λ∇f (xk )) , k = 0, 1, . . .

The iterative step of BG is modeled on the gradient method whereby the usual squared Euclidean norm regularization of the linearization of f at xk is replaced by a Bregman distance,
namely:


1
xk+1 = argmin f (xk ) + h∇f (xk ), y − xk i + Dh (y, xk ) ,
(2.3)
λ
y∈Rn
As already mentioned above, this algorithm is not new, and has appeared in the literature under
various settings and names, see e.g., [1, 2, 11, 16, 30] and references therein.
It is clear that once we know h∗ , the computation in the iterative step of BG is straightforward.
The common choices of Legendre functions exhibited in Example 2.2 all admit explicit Legendre
conjugates h∗ .
5

For simplicity, to warrant the well-posedness of BG, throughout the paper we make the following
assumption.
Assumption B There exists c > 0 such that
(∀x ∈ int dom h) ∇h(x) − c∇f (x) ∈ int dom h∗ .
Note in particular, that Assumption B holds if h is cofinite, i.e., dom h∗ = Rn . For other
sufficient conditions implying the well-posedness of xk+1 , see e.g. [7, 18, 38].
Lemma 2.5 The iterative step is well-defined under Assumption B.
Proof. In (2.3), the minimizer is unique thanks to the strict convexity of y 7→ Dh (y, xk ). The
existence of minimizer is guaranteed by Assumption B, and the fact that xk+1 ∈ int dom h because
h is Legendre.

Throughout the rest of this paper, Assumptions A and B are our blanket assumptions.

3

The Toolbox

In this section, we introduce the key new objects/conditions needed to study the linear convergence
of the Bregman gradient descent method.

3.1

Lipschitz-like Convexity – (LC) Condition

We adopt the recent framework of [7], where it was shown that the usual Lipschitz gradient continuity assumption can be replaced by a more flexible Lipschitz-like convexity (LC) condition, which
captures the geometry of the problem’s data, and defined as follows.
Definition 3.1 (LC-condition) A pair of functions (f, h) satisfies the L-convexity condition (LCcondition), if there exists L > 0 such that Lh − f is convex on int dom h.
The LC-condition is equivalent to a descent lemma [7, Lemma 1], but there it was assumed
that f is convex. However, as already observed in [18, 38], the convexity assumption of f plays no
role in the LC-condition, and f can be nonconvex.1
Lemma 3.2 (descent lemma) The LC-condition for the pair of functions (f, h) is equivalent to
(∀(x, y) ∈ int dom h × int dom h)

f (x) ≤ f (y) + h∇f (x), x − yi + LDh (x, y),

(3.1)

i.e., (∀(x, y) ∈ int dom h × int dom h) Df (x, y) ≤ LDh (x, y).
Proof. The proof is as in [7, Lemma 1]. In fact, it is immediate since Lh − f convex is equivalent
to DLh−f = LDh − Df ≥ 0, where the equality uses the linearity property (P3) of Dh .

Clearly, when h = Q, Lemma 3.1 yields the standard descent lemma [13]. Moreover, if f is
assumed convex, and h = Q, then the LC-condition is equivalent to the usual L-Lipschitz continuity
of ∇f . In general the LC-condition for (f, h) does not imply that the gradient operator ∇f is LLipschitz continuous on int dom h as the following examples show.
1

We can also handle a nonsmooth function f assumed locally Lipschitz on int dom h. It that case, f admits a
Clarke-Rockafellar subdiffferential ∂f , [23]. Then ∇f (x) can be replaced by a subgradient element in ∂f , and our
results hold in this larger setting. For simplicity and clarity of exposition, we work with differentiable f .
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Example 3.3 Let h(x) := − ln x on dom h = R++ and f (x) := −x−2 on dom f = R \ {0}.
Then dom h ⊂ dom f , ∇f (x) = 2x−3 for all x ∈ int dom h, and the second order derivative
(Lh(x) − f (x))00 = xL2 + x64 > 0 for all x ∈ int dom h, where L > 0. So, Lh(x) − f (x) is convex on
int dom h, i.e., the LC-condition for the pair of functions (f, h) holds. But the derivative f 0 is not
Lipschitz continuous on int dom h since f 00 (x) = − x64 is not bounded on int dom h.

3.2

Gradient Domination Inequalities through Bregman Lenses

We propose to extend the quadratic2 case in Lojasiewicz inequality [27] given in (1.2) to the
framework of Bregman distances.
Definition 3.4 (gradient dominated conditions/inequalities) The pair of functions (f, h)
satisfies a gradient dominated condition if one of the two following conditions hold:
(GD1)

∃τ > 0 : Dh (∇h∗ (∇h(x) − ∇f (x)), x) ≥ τ (f (x) − ν(P)), ∀ x ∈ int dom h.

(3.2)

(GD2)

∃µ > 0 : Dh (x, ∇h∗ (∇h(x) − ∇f (x))) ≥ µ(f (x) − ν(P)), ∀ x ∈ int dom h.

(3.3)

Inequality (3.2) or (3.3) implies that:
• when ∇f (x) = 0 with x ∈ int dom h, then x is a global minimizer of f .
• when h = Q, they reduce to a classical gradient dominated condition (cf. (1.2)) with τ ≡ µ:
(∀x ∈ Rn )

1
k∇f (x)k2 ≥ µ (f (x) − ν(P)) .
2

(3.4)

Some remarks are in order with respect to the proposed gradient dominated conditions.
(i) Since Bregman distances are, in general, not symmetric, each of the above inequalities (GD1)
and (GD2), whereby the arguments of Dh are reversed, simply marked the fact that one can
consider both as a natural candidate for an extension of the classical gradient dominated just
alluded above.
(ii) Both inequalities admit dual equivalent formulations. Indeed, recalling property P2 of a
Bregman distance, they translate respectively into:
(GD1)

∃τ > 0 : Dh∗ (∇h(x), ∇h(x) − ∇f (x)) ≥ τ (f (x) − ν(P)), ∀x ∈ int dom h.

(GD2)

∃µ > 0 : Dh∗ (∇h(x) − ∇f (x), ∇h(x)) ≥ µ(f (x) − ν(P)), ∀x ∈ int dom h.

(iii) From the definition of α(h), assuming that α(h) > 0, it follows from Fact 2.4(iv) that (GD1)
and (GD2) are equivalent (up to the positive constant α(h)).
However, note that it is also possible that (f, h) satisfies both gradient dominated conditions,
but α(h) = 0, this is illustrated in Example 3.8 below.
(iv) As mentioned, although both gradient dominated conditions can be considered, it turns out
that when used in the context of the linear convergence analysis of the BG scheme, the
condition (GD2) seems more restrictive, compare Theorem 4.3 and Remark 4.4(a).
2

We pertain to this case for simplicity of exposition.
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The following simple lemma (and its notation) is repeatedly used in the forthcoming analysis.
Lemma 3.5 (gradient envelope) For every x ∈ int dom h, and any t > 0, define
x+
:= argmin{h∇f (x), u − xi + t−1 Dh (u, x)} ≡ ∇h∗ (∇h(x) − t∇f (x)),
t

(3.5)

u

Gt (x) := min{h∇f (x), u − xi + t−1 Dh (u, x)}.
u

(3.6)

Then for every x ∈ dom h one has Gt (x) = −t−1 Dh (x, x+
t ).
Proof. Writing the optimality condition for x+
t ∈ int dom h, uniquely defined by (3.5), we get
t∇f (x) + ∇h(x+
t ) − ∇h(x) = 0.
Therefore, using the definition of Gt (·), combined with the above, we obtain for every x ∈ int dom h,
+
tGt (x) = th∇f (x), x+
t − xi + Dh (xt , x)
+
+
= −h∇h(x+
t ) − ∇h(x), xt − xi + Dh (xt , x),
+
+
+
= −{Dh (x+
t , x) + Dh (x, xt )} + Dh (xt , x) = −Dh (x, xt ),

which proves the result.

3.3



Sufficient Conditions Implying gradient dominated Conditions

Below, we give two sufficient conditions for (f, h) to satisfy the gradient dominated condition
(GD2). We recall that for α(h) > 0, (GD1)-(GD2) are equivalent up to a positive constant, so
these sufficient conditions also hold for the gradient dominated condition (GD1).
The first sufficient condition below naturally extends the classical case [33], namely for h = Q,
which states that if f is σ-strongly convex, then the gradient dominated (1.2) holds with c = 2σ.
To establish the corresponding extension, we first need the relevant notion of strong convexity with
respect to a Legendre function h, see e.g., [3].
Definition 3.6 (Legendre-strongly convex) A function f is Legendre-strongly convex with respect to a Legendre function h if there exists σ > 0 such that
(∀ x, y ∈ int dom h)

f (y) ≥ f (x) + h∇f (x), y − xi + σDh (y, x),

(3.7)

i.e., Df (y, x) ≥ σDh (y, x); consequently, f − σh is convex on int dom h.
Clearly, with h = Q, this recovers the standard σ-strong convexity of f .
Lemma 3.7 (Legendre strongly convex implies gradient dominated (GD2)) Assume that
there exists σ ∈ [1, +∞[ such that f is σ-strongly convex with respect to the Legendre function h.
Then,
(∀x ∈ int dom h) Dh∗ (∇h(x) − ∇f (x), ∇h(x)) ≥ f (x) − ν(P),
i.e., (f, h) satisfies the gradient dominated condition (GD2) with µ = 1, as well as (GD1) when
α(h) > 0.
Proof. Since f − σh and h are convex, and σ − 1 ≥ 0, we have f − h = f − σh + (σ − 1)h convex
on int dom h, and hence,
f (y) ≥ f (x) + h∇f (x), y − xi + Dh (y, x), ∀ x, y ∈ int dom h.
8

Taking the infimum with respect to y ∈ int dom h on both sides, we obtain
inf

y∈int dom h

f (y) ≥ f (x) +

inf

y∈dom h

{h∇f (x), y − xi + Dh (y, x)} =: f (x) +

inf

y∈dom h

R(y, x)

for all x, y ∈ int dom h.
Since here f and R(·, x) are lsc proper convex we have3 inf y∈int dom h f (y) = inf y∈dom h f (y) =
ν(P), and likewise, the infimum on the right-hand side can be taken over dom h. Invoking Lemma
3.5, it follows that forall x ∈ int dom h,
∗
ν(P) ≥ f (x) + G1 (x) = f (x) − Dh (x, x+
1 ) = f (x) − Dh (x, ∇h (∇h(x) − ∇f (x))).

Rearranging the above is exactly (GD2) with µ = 1. The claim for (GD1) with α(h) > 0 follows
from Fact 2.4(iv).

Recall that if (f, h) satisfies the gradient dominated condition (GD2) for some µ > 0, this does not
imply that f − µh is convex on int dom h for some µ > 0. It was already one of the interest of the
Lojasiewicz inequality. It is also possible that f satisfies both (GD1) and (GD2) but α(h) = 0.
This is illustrated in the example below.
Example 3.8 Let f (x) := x and h(x) := x ln x − x for all x ∈ dom h = R+ . Then h∗ (y) =
ey , h0 (x) = ln x, and h0 (x) − f 0 (x) = ln x − 1. Also, we have ν(P) = 0. Therefore, using the above,
for all x > 0, we obtain
Dh∗ (h0 (x) − f 0 (x), h0 (x)) − µ(f (x) − ν(P)) = e−1 x − µx = (e−1 − µ)x,


and hence (f, h) satisfies the gradient dominated condition (3.3) for each µ ∈ 0, e−1
Likewise,
all x > 0, we have Dh∗ (h0 (x), h0 (x) − f 0 (x)) = (1 − 2e−1 )x ≥ τ x = τ (f (x) − ν(P)),
 for
e−2
where τ ∈ 0, e . So f also satisfies (GD1). However, note that α(h) = 0 by Fact 2.4(iii); and
for each µ > 0, the function f − µh is not convex on int dom h.
Our second sufficient condition says that when f is convex, and a Bregman distance growth
condition of the objective function f holds, then a gradient dominated condition holds for the pair
(f, h). The Bregman distance growth condition naturally extends the growth condition used in the
quadratic case (see [17]). At the time this paper was under preparation, we discovered that this
growth condition à la Bregman has also been proposed in the recent preprint [39] to analyze rate
of convergence of proximal-like schemes for convex minimization problems.
Lemma 3.9 (Bregman growth condition implies gradient dominated (GD2)) Let f be convex on dom h, and let x∗ ∈ C with f (x∗ ) = ν(P ). Suppose that f satisfies a Bregman Growth
Condition:
(GC) ∃ γ > 0 : (∀x ∈ int dom h) f (x) − f (x∗ ) ≥ γDh (x∗ , x).
Then, for every λ > γ −1 , λf satisfies the gradient dominated condition (GD2) with τ = (1−(γλ)−1 ),
i.e., one has


∗
−1
(∀x ∈ int dom h) Dh (x, ∇h (∇h(x) − λ∇f (x))) ≥ 1 − (λγ)
(λf (x) − λν(P )).
3

Recall that for ψ proper lsc convex on Rn and P a convex subset of Rn with int P 6= ∅ and P ⊂ dom ψ, we have
inf int P ψ = inf P ψ, see e.g., [8, Proposition 11.1].
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Proof. Let x ∈ int dom h and λ > 0. Invoking Lemma 3.5 (we use here the same notation as in
that lemma), we have
−1
λ−1 Dh (x, x+
λ ) = −Gλ (x) = − min{h∇f (x), u − xi + λ Dh (u, x)}.
u

Therefore, for every u ∈ dom h, we obtain
Dh (x, x+
λ ) ≥ −λh∇f (x), u − xi − Dh (u, x)
≥ λ(f (x) − f (u)) − Dh (u, x),
where the second inequality uses the gradient inequality for the convex function f . Thus, with
u := x∗ in the latter inequality, and using the condition (GC), it follows that


−1
Dh (x, x+
(f (x) − ν(P )) = 1 − (λγ)−1 (λ(f (x) − ν(P ))).
λ) ≥ λ−γ

Hence with λγ > 1, (GD2) holds for λf with τ := 1 − (λγ)−1 > 0.

When α(h) > 0, a similar growth condition (just reverse the order in Dh (x∗ , x) in (GC) above)
implies that (GD2) (3.3) holds for λf , the details are omitted.
The following result provides the link between the iteration of BG defined by x+
λ for a positive
+
step size, and a pure gradient step x1 (i.e., with λ = 1) in terms of Bregman distance. This
connection plays a role in the convergence rate analysis developed in Section 4.
Lemma 3.10 Let λ > 0 and x ∈ int dom h. Then for any λ ≥ 1, one has:
Dh (∇h∗ (∇h(x) − λ∇f (x)), x) ≥ Dh (∇h∗ (∇h(x) − ∇f (x)), x).

(3.8)

Proof. Let x ∈ int dom h and λ > 0. For convenience, define a := ∇h(x), b := ∇f (x). Then, using
the definition of Dh , after rearranging, proving (3.8) is equivalent to prove
h(∇h∗ (a − λb)) − h(∇h∗ (a − b)) ≥ h∇h∗ (a − λb) − ∇h∗ (a − b), ai =: R.

(3.9)

The gradient inequality for the convex function h implies
h(∇h∗ (a − λb)) − h(∇h∗ (a − b)) ≥ h∇h∗ (a − λb) − ∇h∗ (a − b), a − bi
= h∇h∗ (a − λb) − ∇h∗ (a − b), ai + h∇h∗ (a − b) − ∇h∗ (a − λb), bi
= R + h∇h∗ (a − b) − ∇h∗ (a − λb), bi.

(3.10)

Now, thanks to the monotonicity of ∇h∗ we get,
(λ − 1)h∇h∗ (a − b) − ∇h∗ (a − λb), bi ≥ 0.
Therefore, with λ ≥ 1, the latter inequality combined with (3.10) proves (3.9), i.e., the desired
(3.8).

Note that when 0 < λ ≤ 1, we were not able to derive Lemma 3.10 (and it is not clear that such
inequalities hold). Therefore, to overcome this difficulty we introduce a uniform control assumption
+
on the behavior of x+
λ versus x1 with respect to Dh . This plays an important role in our main
results in Section 4.

10

3.4

Lower Control Function

We introduce a lower control function for the pair of functions (f, h) with respect to Dh which
plays an important role in our main results in Section 4.
Assumption C – θ uniform condition Let λ > 0 and x ∈ int dom h. For a pair of functions
(f, h), there exists θ : R++ → R++ such that
Dh (∇h∗ (∇h(x) − λ∇f (x)), x) ≥ θ(λ)Dh (∇h∗ (∇h(x) − ∇f (x)), x), ∀x ∈ int dom h,

(3.11)

i.e.,
+
Dh (x+
λ , x) ≥ θ(λ)Dh (x1 , x).

Remark 3.11 (a) Note that an alternative and sharper definition of θ would depend on x. Assumption C subsumes a uniform (i.e., depends only on λ) validity of the inequality (3.11). Moreover,
verifying Assumption C seems to be difficult in general. However, some easy cases remain at hand,
for instance by Lemma 3.10, it trivially holds with θ(λ) ≡ 1 for any λ ≥ 1.
(b) Assumption C also holds when f is σ-strongly convex with respect to h, and has a Lipschitz
gradient with constant κ, with (σ, κ > 0). Indeed, by [35, Proposition 12.60], the dual version of
the above assumptions translates into
∃σ, κ > 0 : κ−1 ku − vk2 ≤ 2Dh∗ (u, v) ≤ σ −1 ku − vk2 , ∀u ∈ dom h, ∀v ∈ int dom h.
∗
Now, recall that Dh (x+
λ , x) = Dh (∇h(x), ∇h(x) − λ∇f (x)). Using the right-hand side of the above
inequality, we immediately get k∇f (x)k2 ≥ 2σDh (x+
1 , x), and hence, combining the latter with the
lefthand side part it follows that

Dh (x+
λ , x) ≥
i.e., Assumption C holds with θ(λ) :=

4

λ2
σλ2
k∇f (x)k2 ≥
Dh (x+
1 , x)
2κ
κ

σλ2
κ

> 0 for any λ > 0.

Global Linear Convergence of the Bregman Gradient Method

Equipped with the LC-condition (see Definition 3.1), the gradient dominated condition, and the
existence of a positive uniform control function θ (cf. Assumption C), we can establish the global
linear convergence of the BG algorithm for the nonconvex problem (P).
We start with the following simple but key result which is a slight extension of the descent
inequality proven in [7, Lemma 4]. As shown in [18, Remark 4.1] and [38, Proposition 4.1], (for the
more general Bregman proximal gradient), in that case we get:
Lemma 4.1 (fundamental inequality) Assume that the pair of functions (f, h) satisfies the
LC-condition with constant L > 0. For every x in int dom h, define x+ in int dom h by
x+ := ∇h∗ (∇h(x) − λ∇f (x)).
Then for every u in dom h one has


1
1
1
+
Dh (x+ , x).
f (x ) ≤ f (x) + h∇f (x), u − xi + Dh (u, x) − Dh (u, x ) + L −
λ
λ
λ
+
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(4.1)

Proof. For completeness we include the simple proof as given in [38, Proposition 4.1] (specialized
to the Bregman gradient iteration). Since


1
+
x = argmin h∇f (x), ui + Dh (u, x) ,
λ
u
invoking the well known three point Lemma [22, Lemma 3.2] gives for u ∈ dom h:
h∇f (x), x+ − ui ≤


1
Dh (u, x) − Dh (u, x+ ) − Dh (x+ , x) .
λ

By Lemma 3.2, the LC-condition gives
f (x+ ) ≤ f (x) + h∇f (x), x+ − xi + LDh (x+ , x).
Adding the above two inequalities, the desired result (4.1) follows.

Equipped with Lemma 4.1, we immediately deduce the sufficient descent property, see also [18,
Remark 4.1].
Lemma 4.2 (sufficient descent property) Assume that the LC-condition holds for the pair
of functions (f, h) with constant L > 0, and let λ > 0. Then for every x ∈ int dom h and x+ ∈
int dom h defined by
x+ := ∇h∗ (∇h(x) − λ∇f (x)),
we have
+



f (x ) ≤ f (x) −


1 + α(h)
− L Dh (x+ , x).
λ

(4.2)

Furthermore, the sufficient decrease property of the objective function value f holds when
0 < λL < 1 + α(h).

(4.3)

Proof. Recalling the definition of the symmetry coefficient α(h), we have Dh (u, x+ ) ≥ α(h)Dh (x+ , u),
and hence the inequality (4.1) derived in Lemma 4.1 implies:


1
α(h)
1
+
+
f (x ) ≤ f (x) + h∇f (x), u − xi + Dh (u, x) −
Dh (x , u) + L −
Dh (x+ , x).
λ
λ
λ
Substituting u = x in the above inequality proves (4.2), and with λL < (1 + α(h)), the claimed
sufficient decrease.

We are now ready to establish the linear convergence of BG for nonconvex objective functions.
Theorem 4.3 Assume that the pair of functions (f, h) satisfies the LC-condition with constant
L > 0, the gradient dominated condition (GD1) with constant τ > 0, and the θ-uniform condition
(Assumption C). Define


1 + α(h)
r :=
− L θ(λ)τ.
(4.4)
λ
Then for any λ such that 0 < λL < 1+α(h), one has 0 < r ≤ 1, and the sequence (xk )k∈N generated
by BG has a global linear rate of convergence,
f (xk ) − ν(P) ≤ (1 − r)k (f (x0 ) − ν(P)), ∀k ≥ 1.
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Proof. First, note that since 0 < λL < 1 + α(h), τ > 0 and θ(λ) > 0, we have r > 0. Fix an
interger k. Thanks to the LC condition, we can apply Lemma 4.2 to the sequence generated by
BG to obtain


1 + α(h)
f (xk+1 ) ≤ f (xk ) −
− L Dh (xk+1 , xk )
λ


1 + α(h)
− L Dh (∇h∗ (∇h(xk ) − ∇f (xk )), xk )
≤ f (xk ) − θ(λ)
λ


1 + α(h)
≤ f (xk ) − τ θ
− L (f (xk ) − ν(P))
λ
= f (xk ) − r(f (xk ) − ν(P)),
where the second inequality uses Assumption C, the third uses (GD1), and the last equality follows
by definition of r. It ensues
f (xk+1 ) − ν(P) ≤ (1 − r) (f (xk ) − ν(P)),
and hence, since the sequence (f (xk ) − ν(P))k∈N is nonincreasing, we must have r ≤ 1. A simple
recursion of the above inequality then proves the desired linear rate of convergence.

Remark 4.4 (a) Theorem 4.3 can also be established under the gradient dominated GD2 with
parameter µ > 0. However, in that case one must assume that α(h) > 0, which is not needed
under (GD1). A straightforward adaptation in the proof of Theorem 4.3 shows that in that case
the linear rate of convergence holds with 0 < r ≤ 1 given by


1 + α(h)
r=
− L θ(λ)α(h)µ.
λ
(b) Note that when the pair of functions (f, h) satisfies the LC-condition with constant L > 0, and
in addition, f is assumed σ strongly convex with respect to a Legendre function h, we then obtain
(as a particular case,of the result established for the Bregman proximal gradient in [38, Proposition
4.1]), that the BG scheme with step size λ = 1/L linearly converges. More precisely we have for
any u ∈ dom h:

σ k
f (xk ) − f (u) ≤ L 1 −
Dh (u, x0 ).
L
(c) The algorithm under consideration could be also ran using varying step-sizes λk with the usual
requirements
0 < inf λk and sup λk < (1 + α(h))/L.
k∈N

k∈N

The convergence and complexity results are naturally carried out in this setting. This also remark
applies to the forthcoming extensions Corollary 4.5 and Proposition 4.6
Theorem 4.3 extends the
linear rate of convergence of BG [33, Theorem 4] (i.e., with

 classical
2
h ≡ Q and stepsize λ ∈ 0, L ), whereby the usual Lipschitz continuity of the gradient of f is
replaced by (LC), and the gradient dominated inequality (1.1) is replaced by GD1 (cf. (3.2)). This
fact is recorded below:
Corollary 4.5 Assume that the gradient ∇f is L-Lipschitz continuous with L > 0, that (f, Q)

satisfies the classical gradient dominated condition with constant µ > 0, and that λ ∈ 0, L2 .
Consider the gradient descent method:
xk+1 := xk − λ∇f (xk ), ∀k ≥ 0.
Then the following hold:
13

(i) 0 < r := µλ(2 − λL) ≤ 1, and r achieves maximum value µ/L when λ = 1/L;
(ii) The sequence of function values of iterates has a global linear convergence rate, i.e.,
0 ≤ f (xk ) − ν(P) ≤ (1 − r)k (f (x0 ) − ν(P)),
and the optimal linear convergence rate is
f (xk ) − ν(P) ≤ (1 − µ/L)k (f (x0 ) − ν(P)),
when λ = 1/L;
(iii) The iterates (xk )k∈N converges linearly to an optimal solution of (P);
(iv) When λ = 1/L, we then have r = µ/L and the classical linear rate of convergence (optimal
according to (i)) of the gradient method is recovered.
Proof. This follows from Theorem 4.3. Indeed, in this case, since h := Q, we have α(h) = 1, and
hence 0 < λL < 2, while LC translates to the Lipschitz continuity of ∇f , and assumption C holds
with θ(λ) = λ2 . Thus, we get r = µλ(2−λL) ≤ 1, with maximum value µ/L attains when λ = 1/L.
The linear convergence of the sequence (xk )k∈N to an optimal solution of (P) follows as a special
case of Proposition 4.6 given below.

As a byproduct of Theorem 4.3, other specific convergence results for the sequence (xk )k∈N
generated by BG can be easily deduced. We illustrate this below with focus on some pointwise
convergence results for the sequence (xk )k∈N generated by BG.
Proposition 4.6 Under the assumption of Theorem 4.3, the following assertions hold for the sequence (xk )k∈N generated by BG:
(i) (subsequential convergence) If f is coercive, then the sequence (xk )k∈N is bounded, any cluster point of (xk )k∈N is an optimal solution of problem (P) and W is nonempty and compact,
where W is the set of cluster points of the sequence (xk )k∈N .
P∞
(ii) (summability)
k=0 Dh (xk+1 , xk ) < ∞.
(iii) (linear convergence of iterates) If h is strongly convex, then (xP
k )k∈N converges linearly to an
optimal solution of (P), and (xk )k∈N has a finite length, i.e., ∞
k=0 kxk+1 − xk k < +∞.
Proof. (i) Since (f (xk ))k∈N is decreasing the coercivity of f implies that (xk )k∈N is bounded. Thus
W is a nonempty and compact subset of C. Let x∗ ∈ W. Then there exists a subsequence (xkj )j∈N
of (xk )k∈N such that xkj → x∗ ∈ C as j → +∞. Since f is lsc, we have
f (x∗ ) ≤ lim f (xkj ) = lim f (xk ) = ν(P),
j→∞

k→∞

(4.5)

i.e., x∗ is a solution of problem (P).
(ii) Using Lemma 4.2, we obtain

Dh (xk+1 , xk ) ≤

≤

1 + α(h)
−L
λ

−1

1 + α(h)
−L
λ

−1
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(f (xk ) − f (xk+1 )
(f (xk ) − ν(P)).

(4.6)

Summming the first
P inequality over k = 0, . . . , m − 1, and using a simple telescoping argument it
follows that that ∞
k=0 Dh (xk+1 , xk ) < ∞.
(iii) Using, (4.6) with the given σ strong convexity of h, and Theorem 4.3, we obtain

−1
σ
1 + α(h)
kxk+1 − xk k2 ≤
−L
(1 − r)k (f (x0 ) − ν(P)).
2
λ
s 
−1
2 1+α(h)
−L
(f (x0 ) − ν(P)), we thus have
Rearranging the above, with M := σ
λ
√
kxk+1 − xk k ≤ M ( 1 − r)k .

(4.7)

The claim (iii) then follows by standard arguments, which we describe for completeness. The finite
length of (xk )k∈N follows from (4.7):
∞
X

∞ p
X
kxk+1 − xk k ≤ M
( (1 − r))k ≤

k=1

k=1

Let l > k. Using (4.7), (and recalling that
kxl − xk k ≤

l−1
X

√

M
√
.
1− 1−r

1 − r < 1), we obtain

kxn+1 − xn k ≤ M

l−1
X
n=k

n=k

k/2

(1 − r)

√
M ( 1 − r)k
√
≤
.
1− 1−r

Therefore, (xk )k∈N is a Cauchy sequence and converges to some x∗ ∈ Rn . Taking the limit when
l → ∞ gives
√
M ( 1 − r)k
∗
√
kxk − x k ≤
,
1− 1−r
which means that xk → x∗ linearly. Similar arguments as (4.5) show that x∗ is an optimal solution
to (P).
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