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Abstract

The Method of Alternating Projections (MAP), a classical algorithm for solving feasibility prob-
lems, has recently been intensely studied for nonconvex sets. However, intrinsically available
are only local convergence results: convergence occurs if the starting point is not too far away
from solutions to avoid getting trapped in certain regions. Instead of taking full projection
steps, it can be advantageous to underrelax, i.e., to move only part way towards the constraint
set, in order to enlarge the regions of convergence.

In this paper, we thus systematically study the Method of Alternating Relaxed Projections
(MARP) for two (possibly nonconvex) sets. Complementing our recent work on MAP, we es-
tablish local linear convergence results for the MARP. Several examples illustrate our analysis.
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1 Introduction

We assume throughout this paper that

(1) X is a Euclidean space
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with inner product (-, -) and associated norm || - || and that

(2) A and B are nonempty closed subsets of X.

Our aim is to solve the feasibility problem
3) find x € ANB.

(We do not a priori assume that A N B # &.) We assume that it is possible to evaluate the projection
operators (nearest point mappings) P4 and Pp associated with the constraints sets A and B respec-
tively. The operators P4 and Pp are generally set-valued; they are single-valued only in the convex
case. The celebrated Method of Alternating Projections (MAP), whose origins can be traced back to
von Neumann [28] and Wiener [30], with starting point b_; € X generates sequences according to
the update ruld!

4) (vn € N) a, € Pab,_1 and by, € Pgay,.

If A and B are convex, then this method is well understood; see, e.g., [2,5,[7,[11}12,[13}16}17,[18}19]
and the references therein for extensions and variants. The convergence theory for the MAP and
related methods is much more delicate in the absence of convexity; see, e.g., [8] 9} 15, 23] 24] and
the references therein.

Simple examples can be constructed to show that in general one cannot expect global conver-
gence of the MAP when AN B # &:

Example 1.1 (unrelaxed MAP) Suppose that X = R, that A = {—3,2} and that B = {-3,6}.
Then ANB = {-3} # @. Now set b_1 := 0. Then ag := P4b_1 = P40 = 2 (since |2 —0| =
2<3=|-3-0])and by := Pgag = P2 = 6 (since |6 —2| =4 < 5 = | —3 —2|) and clearly
a1 := Pabg = 2. It follows that

(5) (Yn € N)a, =2and b, = 6.
Thus, the sequences generated by the MAP do not converge to a point in A N B (see Figure[l).

To improve this situation, we study in this paper the Method of Alternating Relaxed Projections,
where the unrelaxed projection steps are replaced by underrelaxed versions; e.g., the projection
operators P4 and Pg may be replaced by (1 — A)Id +AP4 and (1 — u)Id +uPp, where A and u
belong to |0, 1]. In the convex case, there are several pertinent references including [2} 3,11} [14, 20|
21,122, 129].

The idea of reqularizing operators is of course not new; MARP can be seen as regularizing the
straight projection operators. To demonstrate the potential of this approach, let us revisit Exam-

pleL.1t

Example 1.2 (MARP for Example[I.D) Let X, A, B, and b_; be as in Example [LIl Rather than
iterating P4 and Pg, we now iterate %Id +%PA and %Id +%PB. Then ay = (%Id +%PA)b_1 =
3b14 3Pabg = 30+ 32 =1,by = (31d+3Pg)ag = 31+ 3(-3) = =2, a1 = (3Id+3Pa)by =
3(=2)+3(-3) = —-5/2,by =--- = —11/4,a, = —23/8, b, = —47/16, ...(see Figure[l), and the
sequences generated converge@ to —3, the unique point in A N B, as desired.
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Figure 1: MAP vs MARP

The goal of this paper is to systematically study the MARP and to provide sufficient conditions for
convergence.

The tools used are from variational analysis; we extend techniques recently introduced in [8, 9].

Our main results are the following:

e Theorem [{.3is a powerful abstract linear convergence result that is applicable in particular
to the MARP;

e Theorem b.11] provides a local linear convergence result for the MARP in the presence of a
CQ condition;

e Theorem guarantees local linear convergence of the MARP under some regularity as-
sumptions.

The paper is organized as follows: After reviewing auxiliary notions in Section 2} we introduce
the MARP in Section 3land obtain some basic properties. Abstract linear convergence results are
presented in Section] Local linear convergence results based on CQ conditions and on regularity
are provided in Sections[5land 6] respectively. In Section[7, we discuss linearly vanishing relaxation
parameters. Various examples illustrating the general theory are constructed in Sections[8and

We conclude this section with some notational comments. We write Ry = {x €R | x> O},
Z = {0,£1,%2,...}, and N = ZNRy. The distance function is da: x +— infycs ||x — a|| and
the (generally set-valued) projection operator is Pa: x — {a€ A | [[x —a|| =da(x)}. Given a
subset S of X, we write intS, riS, and S for the interior, the relative interior and the closure
of S, respectively. If u and v are points in X, we write [1,0] = {(1—A)u+Av | 0<A <1},
Ju,0] = {(1=A)u+Av |0 <A <1}, and similarly for [u,v[ and |u, v[. We also set ball(u;r) =
{x € X | ||lx —u|| <r}. For notation not explicitly stated in this paper, and background material
in convex and variational analysis, we refer the reader to [7, 10, 25, 26, 27, 31]].

2 Auxiliary Notions

In this section, we collect several technical definitions for future use. For further results and com-
ments, see [8,19] and the references therein. We start with the restricted normal cone, which is not

1We follow a common but convenient abuse of notation and write a,, = P4b,,_ etc. if the set of nearest points is a
singleton.
2This will follow from Example B2 below.



only central to our analysis but also a generalized version of the Mordukhovich normal cone, an
object known to be of critical importance in modern variational analysis.

Definition 2.1 (restricted normal cones) (See [8, Definition 2.1].) Let a € A.

(i) The B-restricted proximal normal cone of A at a is

(6) NB(a) := cone ((B NP, la) — a) = cone ((B —a)N (P la— a)).

(ii) The B-restricted normal cone N&(a) is implicitly defined by u € N&(a) if and only if there exist
sequences (an)nen in A and (uy)nen in N (a,) such that a, — a and u, — u.

Definition 2.2 (regularity of sets) (See [8, Definition 8.1].) Let ¢ € B, & > 0, and 6 > 0. Then B is
(A, g 0)-regular at c if

(y,b) € BX B,
) ly —cl <6,][b—cl <4, = (uw,y—b) <ellul-[ly—0|.
u e N§(b)

The set B is called A-superregular at ¢ € B if for every e > 0 there exists 6 > 0 such that B is (A, ¢,0)-
regular at c. When A = X, we say “B is (¢, 0)-regular” or “B is superregular”, i.e., the prefix “X-" is
omitted.

Definition 2.3 (linear convergence) Lef (x,,)nen be a sequence in X, let ¢ € X, let a € ]0,1[. Then
(xn)neN converges to ¢ linearly with rate a if there exists M € R such thafd

8) (Vn e N) ||x, —c|| < Ma".

Definition 2.4 (CQ-number) (See [8, Definition 6.1].) Let A and ENbe nonempty subsets of X, let
c € X,and let 6 € Ry . The CQ-number at ¢ associated with (A, A, B, B) and § is

u € NE(a),0 e —N§ (), |lull <1, o] < 1,}

9 05:=0s5(A, A, B,B) :=sup? (u,v
9) 5 1= 0s( ) p{< >Hﬂ—CH§5/Hb—C||§5-

and the limiting CQ-number at ¢ associated with (A, A, BB ) is

(10) 0:=0(A, A B,B):= 1}%195(14, A,B,B).

Definition 2.5 (CQ condition) (See [8, Definition 6.6].) Let A and B be nonempty subsets of X, and
let c € X. Then the (A, A, B, B)-CQ condition holds at c if

(11) Nj(e)n (= N5 (e)) < {0}
We recall the following equivalence from [8, Theorem 6.8]:

(12) NE(c)n (= Ng(c)) € {0} < 6(A A,B,B)<1.

3Note that one may alternatively require that () only holds eventually at the expense of possibly enlarging M; see,
e.g., [9) Remark 3.7].



3 MARP: Basic Properties

Definition 3.1 Let y € X and let A € ]0,1]. Then the vectors in the set
(13) (1=AN)y+APay={(1—A)y+Aa|aec Pay}
are called A-relaxed projections of y on A.

Note that the 1-relaxed projections are precisely the original (unrelaxed) projections. From now
on, we assume that

(14) A = (An)nen and g = (pn)nen are sequences in |0,1], and ap := max{Ao, pio}.

Definition 3.2 (Method of Alternating Relaxed Projections (MARP)) Let y_1 € X be the starting
point. The method of alternating (A, p)-relaxed projections between A and B (the (A, u)-MARP or just
MARRP in short) generates sequences X := (X )peN and y := (Yn)neN as follows:

(Vn € N) yu_1 — an € Payy—1 — Xp:= (1= Ap)Yn—1+ Anan

15
(15) P—>bn€P3xnHyniz(l_ﬂn)xn+,unbn'_>"'-

We call (x,y) also (A, u)-MARP or simply MARP sequences.

If (VneN) A, = pp = 1, then (Xp)neNn = (n)nen and (Yn)neN = (bn)nen, and the MARP
reduces to the classic method of alternating projections (MAP).

Unless specified otherwise, we assume for the remainder of this paper that

(16)  (x = (xn)neN, Y = (Vn)nen) are (A, u)-MARP sequences with starting point y_;.

The following simple result turns out to be quite useful.
Proposition 3.3 Let y € X, a € Pay, A € |0,1], and set x := (1 — A)y + Aa. Then the following hold:
(i) Pa(x) =a.
(i) x —y = A(a —y) and thus [[x — y|| = Alla — y[| = Ada(y).
(i) Alx—a)=(1-A)(y—x).

Proof. (i) Suppose thata’ € A~ {a}. Case 1: x € [y,d’]. Then ||y — a’|| > ||y — a|| because y,a,a’ lie
on the same ray. So

(17) lx=d'll = lly =a'll = lly = xll > lly —all = lly — xIl = [Ix — al.
Case 2: x ¢ [y,a']. Then

(18) lx ="l > lly —a'll = lly = xll = ly —all = lly = x[| = [|x —al|.
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In either case, |x — a’|| > ||x — a|| and therefore a = P4 (x).
Indeed, x —y=Aa—y) = x=(1—A)y+ Aa.

We have: A(x —a) = (1-A)(y—x) e A(x—a)=(1-ANy—(1-A)x = —Aa = (1—
MNy—xsx=(1-A)y+ Aa. [

Definition 3.4 (projection absorbing) Let S be a nonempty subset of X. Then S is A-projection ab-
sorbing (or projection absorbing with respect to A), if

(19) (Vs € S)(Va € Pys) [s,a] CS.
Remark 3.5 Let S be a subset of X that is A-projection absorbing.
(i) Clearly, X is A-projection absorbing.

(ii) If S is B-projection absorbing, then S is also A U B-projection absorbing because (Vs € S)
Paup(s) € Pas U Pgs. The opposite implication is not necessarily true: for example, if X =
R?2, S = A =Rx{1},and B = R x {0}, then Sis AU B-projection absorbing but not
B-projection absorbing.

(iii) If S is convex and P4 (S) C S, then S is A-projection absorbing.

(iv) On the other hand, if A is convex and S = X \( A, then S is (usually not convex but) still
A-projection absorbing.

The notion of a projection absorbing set is important because of the following result pertaining
to the orbit of the MARP.

Proposition 3.6 Let S be a subset of X that is both A-projection absorbing and B-projection absorbing. If
y—1 € S, then (x)nen and (Yn)nen lie in S.

Proof. This follows readily by using mathematical induction. |

Lemma 3.7 Set §:= max{da(y_1),dg(y—1)}. Then the following hold:

(20a) [xo —y-1ll = Aoda(y—1) < Ao,

(20b) max{da(xo),dp(x0)} < |[xo —y-1ll+ B < (1+A0)B,
(20¢) [yo — xoll = modp(x0) < po(1+ A0)B,
(20d) max{||yo — xol|, [lx0 — y-1[I} < ao(1+ ao)p.

Proof. Using Proposition B.3(ii), we have ||xo — y_1]| = Aoda(y—1) < Aop. Thus, 20a) holds. The
nonexpansiveness of distance functions implies (20b). On the one hand, using Proposition
again, we see that [|yo — xo|| = podp(xp). On the other hand, (20b) yields dg(xo) < (14 Ag)B.
Altogether, we obtain (20d). Finally, 20d) follows from (20a) and 20d). [

The following lemma is important for our analysis.
Lemma 3.8 Let n € IN and let 0 € [0,1] be such that
(21) (Yn — X, Yn-1 = %n) < Ollyn — xull - X0 — yu-1].-
Then
@) s — vall < 22 /A2 (1= A2 4+ 2020(1 = Ay) - max {Ilya — xall, % — v}




Proof. Proposition [3.3(iii)| yields

(23) Xp —an = %(]/nfl - xn)-
Combining (23) with assumption (21)), we have

(24-) <yn — Xn, Xn — an> =
Substituting (23) and (24) into

0(1-A,
52 (= Y = ) < Oy = ] o =y

(25) lyn — anll* = llyn — xull* + |20 — an|1* + 2 {yn — xu, 30 — an)

gives

26)  lyn —anll? < llyn —xall* + ﬁHxn Yn— 1H2+2 0 A" H]/n = x| - [|xn = Yu-al]-
Multiplying both sides by A2, ;, we have

(27) /\2+1H]/n - ﬂnHZ > "%1 (Ai + (1 - /\n)z + 207, (1 — /\n)) maxz{Hyn — Xull, |20 — Y1l }
From Proposition B.J(ii)} we have

(28) X011 = Yull = Anrda(u) | < Ausallyn — anll.

Combining with (27), we obtain the result. |

A proof analogous to that of Lemma [3.8 (or interchanging the roles of A and B) yields the
following result.

Lemma 3.9 Let n € N and let 0 € [0, 1] be such that

(29) <xn+1 —Yn, Xn — ]/n> < 9Hxn+1 _ynH ' H]/n - an.
Then
(B0) [y — Xnoall < B2y 2+ (1= pn)? + 20300 (1 — o) - max { a1 — gl 90 — 2all}.

4 Abstract Linear Convergence

In this section, we provide convergence results that refine and complement those of [9, Proposi-
tion 3.8] and [23ﬂ

Lemma 4.1 (abstract linear convergence) Let (x,,)ueN and (y,)n>—_1 be sequences in X. Assume that
there exist constants M € Ry and p € [0, 1] such that

(31) (Vvn e N)  max {d(yn, xn),d(xn, yn-1)} < Mp".
Then there exists ¢ € X such that
(32) (Vn e N)  max {d(x,,¢),d(yn,¢)} < Ml<1_—;p) ",

consequently, (x,)neN and (Y, )neN converge linearly to ¢ with rate p.

4In fact, the results in this section hold true in any complete metric space.
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Proof. We have
(33) (Vn e N)  d(yn, Yn-1) < dYn, xn) +d(xn, yn-1) < 20"M.
Hence, foreveryk € {n+1,n+2,...},

k k ) ZMpn+1
(34) A yn) < Y, d(yiyio) <2M ) pf < ——.
i=n+1 i=nt+1 1=p

Thus (yx)nen is a Cauchy sequence with, say, limit ¢ € X. Letting k — +o0 in (34), we see that

(35) d(yn,0) < 211”51;1.

It also follows that

(36) d(xn,©) < d(xn, yn) + d(yn, €) < Mo" + 21;/@”;1 _ M(i jg)p”'
Therefore, (36) implies that

(37) (Vn € N)  max {d(xs,3),d(ys,0)} < w. "

as claimed.

Definition 4.2 (alternating contraction property) Let (x,)nen and (yu)n>—1 be sequences in X, let
c € X, and let (r,p) € Ry x [0,1[. We say that (x,)nen and (Yu)n>—1 have the alternating con-
traction property at ¢ with parameters (r, p) if the following implication holds whenever n € N and

(u1, u, uz,us) € {(Yn-1,%n, Yn, Xn+1), (X, Y, Xnt1, Y1) }:

(38) max {d(up,c),d(us,c)} <r = d(us,us) < pmax {d(us,u2),d(uz, uz)}.

Theorem 4.3 (abstract linear convergence) Let (x,),eNn and (Yy)u>—1 be sequences in X, and let
(r,p) € Ryq x [0,1]. Assume that the sequences (xX,)neN and (Yn)yn>—1 have the alternating contraction

property at y_1 with parameters (r,p). Assume further that

(39) M :=max {d(yo, x0),d(x0,y-1)} < @.
Then (x4)nen and (Yn)neN converge linearly to a point ¢ € X with rate p; more precisely,
(40) (Vn € N)  max {d(x,,¢),d(yn, )} < 1;‘))() < @p”.

In addition, (x,)neN and (Yy)neN, and hence ¢, all lie in ball(y_1; 7).

Proof. Using (39), we estimate

(41) (VneN) 2M) p' < 12Mp <r.
i=0 o

We now show by induction that the following holds for every n € IN:

(42a) d(xu,y-1) (Zp +ZP)



(42b) max {d(yn, xu), d(xn, Yu-1)} < p"M.
Clearly, in view of the definition of M, @2) holds when n = 0.
Now assume that @2) holds for some n € IN. First, using I) and (42), we have

(43) d(xn,y-1) <7 and d(yn,y-1) < d(Yn, Xn) +d(xn,y-1) <.
So the contraction property applied to the quadruple (y,—1, X, Yn, X4+1) implies
(44) (41, yn) < poax{d(yu, xu), d(%n, yn-1)} < "' M.
It follows that
(45a) d(xnﬂzyfl) < d(anrlryn) + d(yn/xn) + d(xmy*l)
n n=1
(45b) <P M4 "M+ (Yo' + Yo )M
i=0 i=0
n+1 no
(45¢) (Lo +Yyp)m
i=0 i=0
(45d) <r.

So (2a) holds with n replaced by n + 1. Next, the contraction property applied to the quadruple
(xi’l/ yn/ xn+l/ yn-l,-l) y1€1ds

(46) A(Yns1, Xn11) < pmax {d(xus1,Yn), d(Yn, xn) }-
In view of (@6), (@4), and (@2b), we deduce that
(47) max {d(Ynr1, Xns1),d(Xnt1,y0) } < p" M,

i.e., (42b) holds with n replaced by n + 1. Thus, by induction, (2) holds for every n € IN.
Combining (42b), Lemma 4.1} and @), we obtain

MOtp) (1)

(48) (Vn € N)  max{d(xy,¢),d(yn,c)} < 1—p )

Finally, @3) implies that the sequences (X, )sen and (¥u)nen, and consequently their common
limit ¢, lie in ball(y_1; 7). [

5 Linear Convergence of the MARP and the CQ Condition

The sequences (x;)uen and (Yn)nen produced by the MARP need not lie in the sets A and B,
respectively. Therefore, the techniques utilized for the method of alternating projections in [8, 9]
and [23] cannot be directly applied. In this section, we present a new technique which relies on
the geometry of Euclidean spaces.

In addition to our assumptions on the sets A and B, the relaxation parameter sequences A =
(An)nen and g = (4y)nen, and the MARP sequences x = (xy,)nen and y = (Y )nen with starting
point y_q € X (see (), (14), and (16)), we assume the following in this section:

(49a) S is a subset of X that is projection absorbing with respectto Aand B, y_; € S,




and

(49b) (Vn e IN) Ay > Ayi1 = Ao and Uy > Uyl = Yoo, and oo := min{Ae, oo }-

We start with a technical result.
Lemma 5.1 Let pu € |0,1] and let 6 € [0,1]. Then
(50) 0<p>+(1—u)?+20u(1—p)=1-21-0)u(l—pn) <1,
and the last inequality is an equality if and only if y = 1.

Proof. Clearly,

(51a) 0<2(14+0)u(1 —u) =2u(1 — ) +20u(1 — u)

(51b) <uP+(1—p)?+20u(1—p)

(51c) =i+ (1= +2p(1 =) = 2(1 = O)pu(1 — p)

(51d) = (p+(1-p)* =20 - Opu1—p)

(51¢) =1-2(1-0u(l-p) <1.

Note that equality in (51a) occurs exactly when y = 1; in this case, the inequality (51b) is strict.
Furthermore, equality in (51€) occurs exactly when y = 1. u

The following result will help us later in this section to identify the convergence rate of the
MARP.

Lemma 5.2 Let 6 € [0,1] and define p € R implicitly by

2
o) S B (A2 4 (1= An)? +200,(1— M),
p° 1= sup

2
neN | B (2 (1= )2 + 200 (1 — )

Then 0 < p < \/1 —2(1—6) min {zxg(l — ), 0eo(1 — ocoo)} < 1; consequently, if 1 > ag > aeo > 0,
then p < 1.

Proof. Let us first consider

(53) ¢ = sup P51 (12 + (1= )% + 200, (1 — 1)),

nelN C

the corresponding supremum involving A is treated similarly. Lemma [5.1] yields o > 0. Since
2
(VneN)0 < %’ < % < 1 and hence % < 1, we estimate with the help of Lemma[.I] that

(54a) 0 <o <sup (;1,21 +(1- pln)z + 201, (1 — yn))
nelN
(54b) = suﬂg (1—2(1 = 0)pun(1— pn))

10



(54¢) =1—2(1—6) min {o(1 — o), preo(1 — pieo) }

because any minimizer of the function y — (1 — ) restricted to the interval [, po] must be one
of the endpoints of the interval. The conclusion now follows by combining this estimate with its
A counterpart. n

The following result provides information about the location of limits of the MARP.

Proposition 5.3 Suppose both sequences (x,)nen and (Y )nen generated by the MARP converge to ¢ €
X. Then the following hold:

(i) If Ao > 0, then ¢ € A.
(ii) If poo > O, then ¢ € B.
(iii) If aeo > 0, thenc € AN B.

Proof. Clearly, x, —y, — 0 and y, — x,,41 — 0.

Suppose that Ae > 0. By Proposition B.3[1)}, 0 < ||xy4+1 — Ynl| = Ans1da(yn). Since Aes > 0,
it follows that d4(y,) — 0. Hence, ¢ € A.

The proof is analogous to that of [(1)}
Combine (i) and |

The following examples illustrate that no conclusion can be drawn about the location of the
limit point when Ao = 0 01 poo = 0.

Example 5.4 (MARP limit point lies outside AU B and A, = peo = 0) Suppose that X = S = R,
that A= B = R_. Let§ € R4, and assume that (A, p) satisfy

§+2-(nt1)

(55) (I EN) Aw=pn =115

€10,1].
Then Ao = fioo = 0. Suppose that y_1 € Ry = X \ (AU B). Then the (A, u)-MARP sequences

are

5 4 2-(n+1) 54 2-(n+1)

(56) (VneN) x, = Yn—1 §42n and  yy = Xy 6+2m 7

which inductively leads to

S+2-(ntl) /54 2-n 5+ 2~ (n+1)
(57) %o = Y1 (

s+27 \ o+1 ) and Yo =Yg
Note that lim,cN X, = limyeN yn = ‘nyll ¢ AUB.

Example 5.5 (MARP limit point lies in A N B and Ao, = yieo = 0) Suppose that X = S = R, that
A =B =1R_,and that Ao = pio = 0while ), .\ Ay = Y e #n = +00. Furthermore, assume that
y1=17 € 1R++. Then

[ay

n— n n

(58) (VnelN) x, = 1712%(1 —Ai) 1_[(1 —u;) and y, = 171_1(1 —A) | (1 —wi),

i= i=0 i=0 i=0
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and so

(59a) In(y,/n) :ln< T=2) (1 —w) ) Zln (1-A i)—i—iln(l—yi)
i=0 i=0 i=0

(59b) Z —Ai) + ) (=) = —oo.
i=0 i=0

It follows that y, — 0 and thus x,, — 0. Hence lim,en X, = lim,enyn € AN B.

Example 5.6 (MARP limit point lies outside AN B and A, > 0 = po) Suppose that X = S =
R? that A = R x {0}, that B = {0} x R, that (¥n € N) A, = L and pt, = 1 — 22" ‘and
thaty_1 = (,0) € X\ A. Then

—n —(n+1)
(60) (vn S N) Xn = <2n’7+1/ €(1+22 )) and Yn = (zn’7+1/ %) ;
therefore, lim, e X, = limuen vy = (0, %) € B\ A.
We now present the main convergence result of this section.

Theorem 5.7 (local linear convergence) Let ¥ € Ry and let 6 € [0,1]. Assume that the following
hold:

i) a0 < 1;
(i) p <p <1, where pisas in Lemmalb.2

(iii) max {dA Y1 dB(y 1)} > 2a0((11+p020)'

(iv)

(61) (Vx e Snball(y_q;r))(Va € Pax) (Vb € Pgx) (a—x,x—b) <0||a—x|-|x—b|.

Then the MARP sequences (xn)nen and (Yn)new converge linearly with rate p to some point ¢ €
ball(y_1;r) and

(62) (Vn e N)  max {[|x, — |, |[yn — ||} < L)
Furthermore, if min{Ac, feo } > 0, then ¢ € AN B.

Proof. Combining #9) and Proposition[B.6] we deduce that (x,,),en and (yn)nen liein S.

We now claim that (x,),en and (y,)n>—1 have the alternating contraction property at y_q
with parameters (r,p) (see Definition 1.2). Let us fix n € IN and check @8) for the quadruple
(Yn—1, Xn, Yn, Xn+1); the other quadruple (xy, Yn, Xu+1,Yn+1) is treated similarly. We assume that
|xn —y—1]| < r. Since a, € Psx, and b, € Ppx, (see Definition[3.2), (6]) yields

(63) (ay — Xy, Xn — by) < 0)|lan — x4 - ||xn — bl
Proposition B.3(iii)| implies that v, 1 — lf—ﬁn(xn —ay)and v, — x, = %(bn — x,); thus,
(64) (Yn = X, Yn—1 = xn) < Ollyn — x| - |20 — yn-a -
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Hence, by Lemma 3.8 and assumption

(65) %1 = yull < pmax {{lyn — xull, X0 — yn-1l }-
Thus @8) holds, as claimed.
It now follows from (20d) of Lemma [3.7land assumption|[(iii)| that

66) M :=max{|yo— xoll, Ixo — y_1]|} < ao(1+ ao) max {da(y_1),dp(y_1)} < 2.
Hence, by Theorem .3} (x,),en and (v, )nen converge linearly to ¢ € ball(y_1,7) and

(67) (Vn € N) max{||x, — |, ||yn — ||} < r(ljp)()”.
Finally, recall Proposition[5.3 -

Remark 5.8 (best bound for the convergence rate) In Theorem 5.7 the linear rate is tied to the
constant p defined by (52). The computation of p appears to be hard in general; however, the
upper bound provided in Lemma [5.2] is minimized when Ag = Ae = o = piw = 3, i.e., Wwhen
(Vn e N) Ay = pp = %, in which case

1+6
(68) 0<p=1/5 <t
The following result concerns global convergence. As a consequence, it somewhat surprisingly
guarantees the nonemptiness of the intersection.

Corollary 5.9 (global convergence) Assume that 1 > wy > ae > 0 and that there exists 6 € [0,1]
such that

(69) (Vx € S)(Va € Pax) (Vb € Pgx) (a—x,x—b) <0|a—x|-||x—b|.

Then the MARP sequences (xn)neN and (Yn)neN converge linearly with rate p to some point in AN B,
where p € 0, 1] is defined in Lemmal[5.2]

Example 5.10 (two subspaces) Suppose that A and B are affine subspaces with AN B # &, that
S = aff(AUB), and that 1 > &y > ae > 0. Then there exists 6 € [0, 1] such that p € ]0,1[, where p
is defined in Lemma 5.2l Moreover, the MARP sequences (x,,)nen and (¥, )nen converge linearly
with rate p to some point in A N B.

Proof. (See also [6, Theorem 5.7] for a closely related result.) After translating if necessary, we
assume that A and B are linear subspaces, and that S = A+ B. Letx € S, leta € Pax, and let
b € Ppx. Using [8, Theorem 3.5], we have x —a € Nfl(u) C N5(a) = Na(a) NS = At n(A+B).
Similarly, x — b € B- N (A + B). Since A and B are subspaces and A* N (A+B)NBtN(A+B) =
(A+B)N(A+B)* = {0}, we set

(70) 0 := max <Al N (AL N BY) Nball(0;1), BL N (AL N BLY): mba11(0;1)> <1

(Thus, 0 is the cosine of the Friedrichs angle between A+ and B1, which is identical to the cosine
of the Friedrichs angle between A and B.) Hence (69) holds and the conclusion now follows from
Corollary 5.9 [

In the spirit of [23] and [9], we now guarantee local linear convergence when the CQ condition
holds.
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Theorem 5.11 (local convergence via CQ condition) Supposethat1 > ag > oo > 0, thatc € ANB
and that the (A, S, B, S)-CQ holds at c, i.e. (see Definition [2.5),

(71) N;(e) N (=Ni(c)) = {0}
In view of ([A2), the limiting CQ number associated with (A, S, B, S) (see Definition satisfies

(72) 9 = max {<u,v> \ ue NS(c),ve —NS(c), ul| <1, |0 < 1} <1

Let 6 € |6,1[. Then there exists 6 > 0 such that whenever the starting point y_q lies in S Nball(c; §), the
sequences (Xn)neN and (Yn)neN generated by the MARP converge linearly to a point in A N B with rate
0 €]0,1] (see Lemmalb.2).

Proof. There exists ¢ > 0 sufficiently small such that 6, < 6, where 0y, is the CQ number associated

with (A, S, B, S) and 2¢ (see Definition 2.4). We claim that

— (1-p)
(73) L % TR (]
does the job.
To this end, assume that y_; € SNball(c;J) and set
(74) r = 2o

Since ¢ € A N B, we deduce that

(75) max {da(y—1),ds(y1)} < lly1—cll <6 = 5l

which is assumption of Theorem 5.7
Now let x € SNball(y_1;7), leta € Pax, and let b € Ppx. Using (73) and (74), we estimate

(76) Jx—ell < llx—yoall +lly-1 —cll <r+o=c

Hence, |la — ¢ < [la —x[[ + [[x — ¢[| = da(x) + [|x — c|| < 2[[x —c]| < 2e. Analogously, [|b —c]| <
2e. On the other hand, a — x € —N35(a) and x — b € N3(b). It thus follows from the definition of
the CQ-number (see (@) and our choice of ¢ that

(77) (@ —x,x =b) < Oalla—x[| - [x = b|]| <0la—x|-[lx—0b],

which is assumption|[(iv)|of Theorem[5.71 Therefore, TheoremB.Zlimplies that (x),en and (yy ) neN
converge linearly to a point ¢ € AN BNball(y_q;r) and

79) (v € N)  max{ s —ll, lyn — ]} < L) pn = Erolltan049) g,

We also note that ¢ € ball(c;€) because || —c¢|| < |[e —y—_1|| + |ly—-1 —¢| <r+d==e. |

Finally, we use Aharoni and Censor’s [1, Theorem 1] to obtain a linear convergence rate result
in the convex case.

Corollary 5.12 (two convex sets) Suppose that A and B are convex with i ANriB # @, that S =
aff(AUB), and that 1 > way > ae > 0. Then the sequences (xy)neN and (Yn)neN generated by the
MARP converge linearly to a point in AN B.
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Proof. It is known that the MARP sequences converge to some point ¢ € A N B; see, e.g., the
aforementioned [1, Theorem 1]. By [8, Proposition 7.5], the (A, S, B, S)-CQ condition holds at c. In
view of (12), the limiting CQ number associated with (A, S, B, S) (see Definition2.4) satisfies

(79) 0= max{(u,v} ‘ u € N5(c),v € =Nj(c), |lull <1, o] < 1} <L

Let 6 ]@,1[ and obtain 6 > 0 as in Theorem 5.1l Since (xy)n,en and (yn)new converge to c,
there exists 1y € IN such that y,, € B(c;d). The conclusion therefore follows from Theorem
(applied to the MARP with starting point y,,, € S). [

6 Linear Convergence of the MARP and Regularity

We now investigate the MARP in the presence of regularity. We uphold the assumptions of
the previous section.

The following result is a counterpart of Lemma 3.8} it refines [23, Theorem 5.2] and [9} Proposi-
tion 3.4].

Lemma 6.1 Let 6 € [0,1], let 6 > 0, let ¢ > 0 and let n € IN. Suppose that ¢ € A, that A is (S, ¢,20)-
regular at ¢ (see Definition [2.2), and that the quadruple (Y,—1, Xn, Yn, Xn+1) generated by the MARP (see
Definition[3.2) with starting point y_1 € S satisfies

(80) {xn,yn} Chall(c;5) and  (xps1—Yn, Xn — Yn) < Ol|xns1 —yull - [[xn — yaull-
Then
(81) Hxn—H - ynH < /\X:l (9)\11 +2e+1-— /\n) max { Hyn - xn”; Hxn - yn—lu }

Furthermore, the following implication holds:

(82) A =1 = |xns1 = Yull < Ansa (0 + 28) lyn — xl.

Proof. Using Proposition B.3(1), we have [|a, — c|| < ||xn — an|| + ||xn — ¢|| = da(xn) + [|xn — ]| <
2||x — cf| < 26. Moreover, ||any1 — cl| < [|ani1 = Yull + [lyn — cll = dalyn) + llyn —cll < 2[lyn —
c|| < 26. Since y, — ay41 € N5 (a,+1) and A is (S, ¢ 26)-regular at ¢, we obtain

(83) (@1 = Yn a1 = an) < ellany = Yaull - lanta — an])-

Now a1 — Yn = 17— (Xu+1 — ¥n) (by Proposition B.J(i)) and (80) imply

n+1
(84) (@1 = Yn Xn = Yn) < Ollanis = ynll - 120 = yall-
Adding 83), 84) and (a,41 — Yn, an — xn) < ||an+1 — Yul| - ||an — xn||, we obtain

|ans1 _ynHZ < Ollancr —yall - [[xn — yull

(85)

el — gl - lanss — anll + lawss — vl lan — 5l
thus,
(86) ani1 — ynll < Ollyn — xall +ellani1 — anl| + |lan — x|
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Substituting [|ay+1 — au | < |[ans1 = yall + [|an = yall < 2/an = yull < 2[lyn — xnll + 2[|xn — an[| into
(86) results in

(87) lans1 = yall < (0 +2¢) [lyn — 2ull + (1 + 2€)[|an — x]]-

Therefore, since ||a, — x| = 1;5‘" X0 — yu—1| and ||ap41 — yul| = ﬁ”xnﬂ — Yn|| by Proposi-
tion B.3(ii1){(ii), we obtain

8) w1 —yall < B0 +28)Aullyn — xall + (1+28) (1= An) [ %0 — Y1)

(38b) < M1 (04 2€)A, + (1+26)(1 = A,)) max {1y — %o |, [0 — v |}

(88¢) = A}’Jl (0A, + 26 +1 — Ay) max {||yn — xal|, |20 — yu-1l},

which is (1), as announced. Finally, (82) follows from (88a). [ |

Analogously to the proof of Lemmal6.1} we obtain the following result.

Lemma 6.2 Let 6 € [0,1], let 6 > O, let ¢ > 0 and let n € IN. Suppose that ¢ € B, that B is (S,¢,26)-
regular at ¢ (see Definition [2.2), and that the quadruple (X,, Yu, Xn+1, Yu+1) generated by the MARP (see
Definition with starting point y_1 € S satisfies

89 {yn xpia} Shall(c;6) and  (Yns1 = Xns1,Yn = Xns1) < Oy — Xnsall - lyn — Xnsa [l
Then

(90) |Ynt1 — Xpga]| < %(Gyn +2e+1-— Vn) max{Han = Yull, lyn — x| }
Furthermore, the following implication holds:

(o1) pn =1 = [ywir = Xl < pnsa (04 2€) 10001 =yl

The next result will be useful later in this section.

Lemma 6.3 Assume that aee > 0 and let e € Ry and 6 € [0, 1] be such that (1 — 0)ae > 2¢. Then

(92a) 0 < & :=sup {)‘X—fll(@/\n +2e 41— Ay), et
nelN

(92b) <1 ((1-60)ae —2¢) < 1.

(Gyn—i—Ze—i—l—yn)}

Proof. Clearly, 0 < . Since 6§ — 1 < 0, we obtain
(93) (VneN) A, +2e+1—-A, =0 —-1A, +1+2e < (0 —1)aco +1+2¢

and Ou, +2e+1— py < (0 —1)ae + 1 + 2¢. Therefore, & < (0 — 1)aco +1+2¢ < 1. |

The proof of the following result is partially similar to that of Theorem 5.7} however, the linear
rates of convergence obtained are different.

Theorem 6.4 (MARP with regularity of sets) Let ¢ > 0,6 > 0, and 6 € [0,1 — 2¢[. Assume that the
following hold:

(i) Aand Bare (S,¢,20)-regular at c € AN B;
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(i) (Vx € Snball(c;0))(Va € Pax) (Vb € Pgx) (a—x,x—b) <0lla—x|-|x—0|;
(iii) oo > 2¢/(1—6) > 0.
Assume also that the starting point y_1 of the MARP sequences (X, )neN and (Yn)neN satisfies

5(1— %)
K +20¢0(1 + CK()) !

(94) y1 €S and |y —c| < T

where & € 0,1[ is as in O2). Then (x,)neN and (Yn)new converge linearly to a point ¢ € AN BN
ball(c; &) with rate &; indeed,

5&[0(1 + 060)(1 -+ 1%) o

- -7l <
(95) (¥n € N) - max {[lxs —cll llyn —€ll} < 1— R+ 2a0(1+ao)

Furthermore, if (Yn € N) Ay = puy = 1, then (xn)neN and (yn)neN converge linearly with rate £* =
(6 + 2¢)%:

26(1+R%) 5,

(96) (Vn e N)  max {|lx, —cl|, [ly. —cll} < A+8)(5-7)
Proof. Set
25060(1 + (X())
7 = .
©7) Tkt 2a0(1 + )
We claim that
(98) (xn)nen and (¥n)nen have the alternating contraction property

at y_1 with parameter (r, &) (recall Definition £.2). Let n € IN and consider first the quadruple
(Yn-1,%n, Yn, Xn+1). In order to prove (38), we start by assuming that

(99) max { [[xn = y-ll, [yn —y-ll} <7
Then, using (94) and (@7), we obtain

5(1—R)

= 0.
1 —7%—{—2060(1 —|—060)

(100) max {[|x, —cl, lyn —cll} <7+ lly-1—cl <7+

Applying [(if) with y,,, 2,41 € Pays, and b, = Ppy,, we see that

(101) (@11 = Yn, Yn — bn) < Ol|ans1 —yull - [[yn — bal|-
On the other hand, Proposition [3.3{ii)&(iii) implies a,+1 — y» = %(xnﬂ —yn) and y, — b, =

n+1
1—py

i (xn — yn). Altogether,

(102) <xn+1 —Yn,Xn — ]/n> < 9Hxn+1 _]/nH : Hxn - ]/n”

In view of Lemma[6.T], we now deduce
(103) 2741 — Y| < &max { lyn = xull, [[Xn — yu1ll }

17



This verifies (38) for the quadruple (y,,—1, Xn, Yn, Xn+1)- The quadruple (x,,, Y, Xp41, Yn+1) is treated
similarly (invoke Lemma 6.2 instead of Lemma|6.T). Therefore, (98) holds.

Next, using inequality (20d) of Lemma[3.7] the assumption that c € A N B (see|[(i)), and ©@4), we
obtain

(104a) max {||yo — xo|l, [[x0 — y-1/|} < ao(1 + o) max {da(y-1),dp(y-1)}
(104b) < ap(1+ao)lly-1—¢
ao(1 + a0)5(1 — &)
<
(104c) =1 &+ 2u0(1 + )
(104d) - r(lz_ £,

Thus, Theorem4.3]and (@7) yield the existence of ¢ € ball(y_1;r) such that

r(1 +1%)kn ~ dap(14+ap)(14£) on

—_F —_zln < —
(105) (Vn e N)  max{||x, —¢|, lyn — ||} < 5 1%+ 200(1 7 a0)

Furthermore, Theorem[4.3also states that (99) holds for every n € IN; consequently, so does its con-
sequence ([I00). Also, Proposition[5.3] assumption (i) and (00) imply that ¢ € A N BN ball(c;é).

Finally, we additionally assume that (VneN) A, =pu, =1. Thenay = 2o = 1, & = 6 + 2¢, and
r= 54j’ﬁ. Combining (100), (102), 82) and (@1) yields

(106) (V€ N) (%01 = yall < Rllyn — xall and [lyn — xul] < &l|2n — yual;

consequently, ||x,11 — yull < 2% — yu_1l| = #2max{|lyn — xul|, |xn — yn_1]|} and similarly
lyns1 = xnsa | < &2max{[[xuir = yull, lyn - an} Thus, (xu)nen and (yn)uen have the con-
traction property at y_; with parameters (r, £2). Now, (39) holds with (r, #%) because of and

(107) M :=max {|lyo — xo]|, ||x0 —

Hence, Theorem B3] implies that (x,),en and (v, )nen converge linearly with rate 2 = (6 + 2¢)?;
in fact,

#2) 221 £2) 4
(108) (vneN)  max{|x, — |, ly — e} < MR < At

This completes the proof. n
Remark 6.5 (comparing rates in the (S, 0,25)-regular case) Consider Theorem [6.4 when A and B

are (S,0,20)-regular atc € AN B, and as > 0. This happens, e.g., when A and B are convex. Since
¢ = 0, we have 0 € [0, 1[. Consider the function

| 9/\+1 —A
(109) f:10,1] = ]0,1] \//\2 21 20A0(1- A7)
Then

(110) flide e <

(A2 + (1= A)2+20A(1 — A))*?
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Hence f is strictly decreasing and therefore (Vi € IN) f(ae) > f(Ae) > f(Ay); consequently,

(111a) (V1 €N) M(00,+1— Ay) < FlBoo) 501 /A2 4 (1 1) 4200, (1 — Ay).
Similarly,
(111b) (Vn e IN) B2 (0pn +1—pun) < flae) 22t \/yn (1 — pn)2 + 200, (1 — py).

On the other hand, & defmed in (@2) becomes

(112a) R = sup{ At (0, 41— A,),
nelN

while p defined by (52) satisfies

st (O +1— ) }

n+l \/)\2 + (1= An)2+20A,(1—Ay),

(112b) p = sup

nelN Vn+1 \/l’ln 1 _ ,un + 29]/!11(1 _ ,un)
Altogether,
(113) R < flaw)p < p.

Therefore, the rate & is always better than the rate p.

Remark 6.6 (best bound for the convergence rate) In Theorem [6.4] the linear rate is bounded
above by the constant & defined in (92). Again, the actual computation of & seems to be hard
in general; however, the upper bound in Lemma is minimized when (Vn € N) A, =y, =1,
in which case not only

(114) #% = (0 + 2¢)?

but we also obtain a better rate from Theorem [6.4] namely #?! Comparing to the best bound
derived in Remark[5.8, we note that for fixed 6 € [0, 1] and for all ¢ > 0 sufficiently small

1+6
—

Thus, when 6 — 17, we expect the linear rate of convergence for the MARP to approach that of
the unrelaxed MAP.

(115) (0+26)> <042e < Vb <

7 MARP with linearly vanishing relaxation parameters

In this section, we consider the (A, #)-MARP sequences with linearly vanishing relaxation param-
eters; specifically, we assume that

A1 MPns1
(116) — su { <1
77 ne]IIfl /\” .u”

A concrete instance occurs when (Vn € IN) A, = Aoy" and p,, = pon”.

The following result guarantees that the MARP sequences always converge linearly and globally
without any assumption on regularity or CQ-type conditions whatsoever.
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Theorem 7.1 The MARP sequences (Xp)neN and (Yn)nen converge linearly to some point ¢ € X with
rate 11, moreover,

(117) (Vvne N) max{|lx, —c||, lya —0)||} < M%v) i,

where M := max{||yo — xol|, ||xo — y—1]| }, and
(118) e =yl < 2o max {da(y-1),ds(y-1)}-

Proof. Let n € IN. Clearly, (yn — xXp, Yn—1 — Xn) < 1-||yn — x| - ||Xn — yn—1]| because of Cauchy-
Schwarz. Lemma 3.8 (applied with 6 = 1) yields

(119a) [Xn1 =yl < Axi:l max { [|yn — x|, |20 — Yu-1] }
(119b) < nmax {{|lyn — Xull, [1xn = yu-all}-

On the other hand, by using Lemma [3.9] we similarly obtain

(120) [Ynt1 = Xnia |l < pmax {1 = yall, [lyn — xall }-
Altogether,

1210)  max {[ynr1 — B | s — all} < max Ly — xull, 6 — yaoall}
(121b) :

(121¢) < " max {|lyo — xol|, | xo — -1/}
(121d) = My""1,

Thus

(122) (Vn e N)  max {|lyn — xull, [[x0 — ynall} < My"

because (122) holds for n = 0 by the definition of M. Therefore, by Lemmal[4.]] there exists a point
¢ € X such that

(123) (Vn e N) max{||x, —¢||,|lyn —0)|} < Ml(%;’ﬂ,nn/

i.e., ([17) holds. In particular, ||x —¢|| < Ml(%;”) and thus

(124) &= yall < llxo =yl 4 flxo — e < M ML = 20
On the other hand, Lemma [3.7] yields M < ao(1 + ap) max{da(y—1),ds(y—1)}. Altogether, we

obtain (118). [

Remark 7.2 It is interesting to compare the results of this section to some of the results of previous
sections. On the one hand, Theorem [Z.J] yields universal and global linear convergence; however,
the location of the limit is not known to be in the intersection A N B. On the other hand, Theo-
rem[5.1Tland Theorem[6.4 guarantee linear convergence when a CQ condition or regularity holds,
respectively; nevertheless, these results are only local. We appear to witness here an “uncertainty
principle” which pits quality of convergence against location of the limit. It would be highly de-
sirable to design hybrid methods that guarantee global convergence to a point in the intersection
(or to prove that such an undertaking is hopeless).
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8 Further Examples

Proposition 8.1 Suppose that X = R and let (a,b,c) € Ry x Ryy x R__ satisfy

(125) max{a,b—2a} <|c| =—c < /a?+ (b—a)? <b.

Suppose that A = {a,c}, that B = {b,c}, that

a+c++vVc2—a2 b+c

c]0,1]

and that y_1 = 0. Then the following hold:

(i) The MAP cycles between a and b, and thus does not converge to a point in A N B.

(ii) The A-MARP converges linearly toc € AN B with rate 1 — A.
Proof. Onthe onehand, c? < a?>+ (b—a)’ & (b—a)? > —a>b—a=|b—a| > V2 —a2 &
(127) b+c>a+c+Vc2—a?= \/\c\—a<\/|c|—|—a—\/\c|—a) > 0.

On the other hand, 2a > b + ¢ > 0. Altogether, the interval from which A is drawn is well defined
and we have

(128) b+c>2aA>a+c+c?—a
Since a = |a| < |c|, it follows that Poy_1 = P40 = a. Hence
(129) Xo = Aa.

Nowb—-2a<|c|eb—a<a+|c|< |b—a| <a—c< |b—a| < |c—a|,so Pga = band obviously
Pyb = a. This proves|[(i)]

Next, Pgxg = c < [c — Aa| < |[b—Aa| < Aa+ |c| < b—Aa < 2Xa < b— |c| = b+ c. By the first
inequality in (I28), Ppxo = c and thus yp = (1 — A)xg + APgxg = (1 — A)Aa + Ac, i.e.,

(130) Yo = (1—A)Aa+ Ac.

We have P4y = c if and only if yo < (c + a)/2, which is equivalent to 2(1 — A)Aa +2Ac < a+c.
Viewed in terms of A, this is a quadratic inequality which holds because of the second inequality
in ([I28). It follows that x; = (1 — A)yo + APayo, i-e.,

(131) x1=(1-=A)((1—=A)Aa+ Ac) + Ac.

Furthermore, xg — x1 = Aa(2 — A)(A —c¢/a) > 0 and so x; < xp. Since already Ppxo = ¢, it follows
that Pgx1 = ¢ and therefore

(132) y1 = (1—=A)xg + Ac.

Thus, (Vn € {2,3,...}) x, = Ty,—1 and y, = Tx,, where T: x — (1 —A)x + Acis (1 — A)-Lipschitz
continuous with unique fixed point c. This completes the proof of u
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Example 8.2 (Examples[I.1land {.2 revisited) Consider Proposition[BIwithc = -3 <a =2 <
b = 6. Then max{a,b — 24} = max{2,6 —2-2} = max{2,2} =2 <3 = —c < 447 = V20 =

V22 +(6-2) —\/m<6—b and therefore (I125) holds. We have b + ¢ = 3,2a = 4,
anda+c++vc2—a2=—-1++9—4=—1++/5~1.23. Hence ([I26) turns into

-1
(133) \/54 <AL 3,

4/

note that since (—1+ v/5)/4 = 0.31, we can choose in particular A = 1. By Proposition B1] the
MAP with starting point 0 fails while the 3-MARP converges linearly with rate 3.

We have seen in the last example that MAP can fail to find a solution while MARP is able to
solve the the problem. On the other hand, MAP can be faster than MARP:

Example 8.3 (MARP and nonsummable relaxation parameters) Suppose that X = R?, that A =
R x {0}, and that B = {0} x R. Then AN B = {(0,0) }. On the one hand, regardless of the location
of y_1, the sequences for the (1,1)-MARP, i.e,, MAP, satisfy yjp = x1 = y3 = --- =0 € AN B and
thus convergence occurs in finitely many steps. On the other hand, let us now consider the MARP.
Writing y_1 = (71, 72), one checks that for every n € N,

(134a) xn = (m T1Zg (1= pi), 2 T (1 — A4))
and
(134b) yn = (m TT2o(1 — i), m2 TTi=o(1 = AY)).

Thus if one of the relaxation parameters encountered is one, then we obtain finite convergence
in the corresponding coordinate. So assume that (Vn € IN) max{A,, pu,} < 1, that 3 # 0, and
that 7, # 0. If A, — 0 and u, — O, then (similarly to the discussion of Example or see [4,
Proposition 2.1]), we have the following characterizations:

(i) (Lmyuen %, impuen ) = (0,0) © Yo An = e fn = 0.
(i) (limuen Xn, limuenyn) € ANA{(0,0)} & XenAn = 400, Len Hn < +00.
(
(

)=
)

(iii) (limpen X, limpenyn) € BNA{(0,0)} & Y enAn < 400, Y cn n = +00.
) &

(iv) (limpen xq, lim,en Yn (A U B) S Yuen A < +00,) e Un < +00.

This shows that when A = peo = 0, all possibilities for lim,en (X, ) occur. See also Exam-

ples5.4 55 and

Remark 8.4 (convergence rates: actual vs upper bounds) In the previous sections, we have es-
tablished upper bounds for the linear convergence rates. Let us now make some comments on
the tightness of these estimates.

Consider the set up in Example 83 with (Vn € IN) A, = u, = A € |0,1]. Then ({134) yields the
actual rate

(135) Pactual :=1—A € [0/ 1[ :
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Let us now turn to the estimates established earlier. On the one hand, since Corollary holds
with 6 = 0, we obtain from (52) that

(136) ﬁ =/A2+ (1 - )\)2 >1-A= pactual-

On the other hand, the assumptions of Theorem [6.4]are satisfied withe =0, = +00, S = X = R?,
and 0 = 0. Thus, the upper bound computed using (©2) satisfies

(137) k=1-A= pactual'

9 A Doubly Non-Superregular Example

In this final section, we assume that X = RR%Z. We shall construct A and B exhibiting various
intriguing properties. We shall use tools from Euclidean geometry. Given (s,u,v) € X3, we

denote the signed angle from the ray R} x {0} to u by ii; furthermore, uso = vsu stands for the
usual (nonsigned) angle at the point s.

9.1 The Set Up

We assume that

(138) qw ¢ [0, %} and cos(4w) = %,
so w = 0.18. Define

0, if x € |—00,0] U1, +o0;
(139) f:R—>R:x— (tanw)(x—%), ifx€}2_2?<+1,21—k] and k € N;

—(tanw) (x — 57), ifx € |5y, 5507 and k € N.

Moreover, denote by ® : R?> — RR? the reflector with respect to the line y = (tan2w)x. Now we
assume that (see Figure[2)

(140) A={(x,y) eR*|y < f(x)}, B=®(A), and c=(0,0) € ANB,
and we also set

(141) (Vk € N) s := (5,0) and zg := D(s).

9.2 The Normal Cones

Note that
(142) (Va€ A)(Vke€ {1,2,...}) Na(a) CNa(sp) :={ueR*|F-w<u<t+w}

Let A’ be the reflection of A about R x {0}. Then, since Zgcsy = 4w and B is obtained by rotating
A’ by the angle 4w about the origin ¢, it follows that

(143) (Va' € A') Na(a') C Na(st) = —Na(sp) = {u e R* | - —w <@ < —F +w}
and
(144) (Vb€ B) Np(b) C{ueR*|-Z+3w<u<—Z+5w).

23



Figure 2: Non-superregular sets in IR?

9.3 The CQ-number at ¢ associated with (A,bdry A, B,bdry B)

Let 6 > 0. Then for every k € {1,2,...}, the closed region W (see Figure[3) is a subset of Pgl (sx);
thus,

(145) N2Y® (5) = cone (P! (s) Nbdry B) — s;) = cone(W — s;) = Na(sg)

and

(146) Np™ % (z¢) = Ni(2p).

We now compute the CQ-number at c assoc1ated with (4, bilcllryf‘l B,bdry B) and 6. Since
ry

for every k € {1,2,...}, the normal cones N yB( ¥) and Np ° " (zx) are the largest possi-
ble, it suffices in (@) to take the supremum over the points B(c;6) N {sx | k € {1,2,...}} and
B(c;6) N {z | k € {1,2,...}}, respectively:

ue —N3"™(s),0 € Np™ (), flufl <1, lo] < 1,}
skl <6, 11zl <6, (k 1) € {1,2,...}*

It thus follows from ([I43)) and ([I44) that
(148)

05 = sup {(u,v)

= cos2w = y/ 1HeEH — \/g.

(147) s = sup {(u,v)

ie|[-F—w—-5+w|andv e [—F+3w,—5 +5w], [[ul| <1, gl}
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Figure 3: Inverse projections of sy

Therefore,

(149) (V6 >0) 093<0=0;= @ < 0.94.

9.4 A lower bound for ¢ in the (¢, §)-regular case

Let k € {1,2,...}, and set d := |[si11 —c||. Then ||zx —c¢| = |[[sk —c|| = 2d. Now set B; :=
|zk — sxy1]] and Bz := ||zx — sk||. Noticing that zicsy = 4w and using the cosine theorem for the

two triangles Aczysi1 and Aczgsy, we have
(150a) Bi = d* + (2d)* — 2d(2d) (cos dw) = d* + 4d* — 4d*(3) = 242,
(150b) B35 = (2d)* + (2d)* — 2(2d) (2d) (cos 4w) = 4d* + 4d* — 84*(3) = 2d°.

Hence, B1 = Bo = dv/2. This also implies Pazy C [s,5¢] U [s,5¢41] (see Figure H). The cosine
theorem for the triangle Azjsisi,1 gives

———  _ PitA-4 _ 22— _ 3
(151) COS Sk+12k5k = 2B:1F2 . 2dvadva & > 0.

So we conclude that si; 1258, = 4w. Next, since $5;,15; = 5¢415%s = W, we have s, 155 = 7 — 2w.
On the other hand,

(152) - R TR S
Altogether,
(153) T = SR = 5% = S = § -,
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Figure 4: Projections of z; on A

i.e., we have two isosceles triangles Azgssiyq and Azgssy. Let h and /' be the two mid-points
of [s,sx] and [s,sk+1]. Then, Pazy = {h,h'}. Clearly u := zx —h € deryB(h). Noticing that
Whz, = S/h;k—STI\h/ = 7 —w, we have

(154) <”’;—H, %> = cossk/HEk > coslfh?k = cos(5 —w) = sinw > 0.17;
consequently,
(155) (u, 1 — ) > (0.17) - [[ul] - [|sgs1 — hl]-

Now we assume that A is (bdry B, ¢, 6)-regular at ¢ for some ¢ > 0 and § > 0. Since s, — ¢ and

zy — ¢, eventually all the points sy, Sk, zk, 1, h lie in ball(c; 6). From the above argument, we

have u € NZdryB(h) and

(156) (0.17) - flull - [Isks1 — Il < (u,sp40 — h) <& |ull - [Isgra — Al
Thus
(157) e > 0.17.

Similarly, if B is (bdry A, ¢, §)-regular, then ¢ > 0.17.

9.5 For the MAP, [9, Proposition 3.12] is never applicable

Consider [9), Proposition 3.12] with (A, B) = (bdry A,bdry B) and I = J singletons. Clearly [9),
(51)] holds. The two assumptions of [9, Proposition 3.12] are the following:
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(i) Ais (bdry B, ¢,36)-regular.
(ii)) The CQ-number 635 at ¢ associated with (A, bdry A, B,bdry B) and 34 satisfies 635 < 1 — 2e.

Assume that (i) holds. On the one hand, 35 > 0.93 by (149). On the other hand, ¢ > 0.17 by (I57).
If (ii) holds, then we obtain the absurdity 0.93 < 635 < 1 — 2e < 0.66. We conclude that (i) and (ii)
cannot hold concurrently, which implies that [9) Proposition 3.12] is not applicable.

9.6 For the MAP, [9, Theorems 3.14 and 3.17] are never applicable

In view of (I57), we note that A is not (bdry B)-superregular at ¢, and that B is not (bdry A)-
superregular at c. Therefore, the results in [23]] are not applicable, and neither are [9, Theorems 3.14
and 3.17] with (A, B) = (bdry A, bdry B) and I and ] singletons.

9.7 For the MARP, we deduce convergence with a linear rate

Indeed, suppose that S = X. The (A, X,B,X)-CQ condition holds, and so does the
(A,bdry A, B,bdry B)-CQ condition. Hence, Theorem [5.11] applies and yields local convergence
for the MARP sequences. Moreover, by (149), we can make ¢ in (Z3), and hence § = +oo, arbitrar-
ily large. Thus the MARP converges with a linear rate regardless of the starting point. Note that
Corollary 5.9 also yields the global convergence result.

The figures suggest that the sequences generated by the MAP also converge with a linear rate.
It would be interesting either to find theorems that allow for this conclusion or to at least obtain a
partition of A and B so that the results of [9] are applicable to the induced collections (A, B).
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