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Summary: The demiclosedness principle is one of the key tools in nonlinear anal-
ysis and fixed point theory. In this note, this principle is extended and made more
flexible by two mutually orthogonal affine subspaces. Versions for finitely many
(firmly) nonexpansive operators are presented. As an application, a simple proof of
the weak convergence of the Douglas-Rachford splitting algorithm is provided.
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2.1 Introduction

Throughout this paper, we assume that
X is areal Hilbert space with inner product (-,-) and induced norm || -||.  (2.1)

We shall assume basic notation and results from Fixed Point Theory and from
Monotone Operator Theory; see, e.g., [2, 4, 8, 15, 16, 20, 21, 22, 24]. The graph
of a maximally monotone operator A: X = X is denoted by graA, its resolvent
(A+1d)~! by Ju, its set of zeros by zerA = A~'(0), and we set Ry = 2J4 — 1d,
where Id is the identity operator. Weak convergence is indicated by —.

Let T: X — X. Recall that T is firmly nonexpansive if

(xeX)(WyeX) |[Tx—Ty|>+|(d-T)x— (1d-T)|* < x—y|*  (22)
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It is well know that T is firmly nonexpansive if and only if R = 2T —1d is nonex-
pansive, i.e.,
(reX)(WyeX) [Re—Ryl| < |x—yl. 2.3)

Clearly, every firmly nonexpansive operator is nonexpansive. Building on work by
Minty [19], Eckstein and Bertsekas [13] clearly linked firmly nonexpansive map-
pings to maximally monotone operators—the key result is the following: T is
firmly nonexpansive if and only if 7 = J4 for some maximally monotone opera-
tor A (namely, 7! —Id). This implies also a correspondence between maximally
monotone operators and nonexpansive mappings (see [14] and [17]). Thus, finding
a zero of A is equivalent to finding a fixed point of J4. Furthermore, the graph of
any maximally monotone operator is beautifully described by the associated Minty
parametrization:

graA = {(Jax,x — Jyx) [ x € X }. (2.4)

The most prominent example of firmly nonexpansive mappings are projectors, i.e.,
resolvents of normal cone operators associated with nonempty closed convex sub-
sets of X. Despite being (firmly) nonexpansive and hence Lipschitz continuous,
even projectors do not interact well with the weak topology as was first observed
by Zarantonello [25]:

Example 2.1. Suppose that X = ;(N), set C = {x € X | ||x|| < 1}, and denote the
sequence of standard unit vectors in X by (e, ),en. Set (Vi € N) z, = eg + ¢,. Then

n — ey yet Pezyg — %60 # eg = Fcep. (2.5)

The following classical demiclosedness principle dates back to the 1960s and
work by Browder [6]. It comes somewhat as a surprise in view of the previous
example.

Fact 2.2 (Demiclosedness Principle). Let S be a nonempty closed convex subset of
X, let T: S — X be nonexpansive, let (z,),en be a sequence in S converging weakly
to z, and suppose that z, — Tz, — x. Thenz— Tz = x.

Remark 2.3. One might inquire whether or not the following even less restrictive
demiclosedness principle holds:

n—z 2
= — T = X. 2.6
zn—Tznéx} 7—Tz=x (2.6
However, this is generalization is false: indeed, suppose that X, C, and (z,),cn are
as in Example 2.1, and set T = Id —P¢, which is (even firmly) nonexpansive. Then
zn — egand z, — Tz, = Pezy — %go yet eg — Teg = Prey = e 7£ %eo_

The aim of this note is to provide new versions of the demiclosedness principle
and illustrate their usefulness. The remainder of this paper is organized as follows.
Section 2.2 presents new demiclosedness principles for one (firmly) nonexpansive
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operator. Multi-operator versions are provided in Section 2.3. The weak conver-
gence of the Douglas-Rachford algorithm is rederived with a very transparent proof
in Section 2.4.

2.2 Demiclosedness Principles

Fact 2.4 (Brezis). (See [5, Proposition 2.5 on page 27], [23, Lemma 4], or [2, Corol-
lary 20.49].) Let A: X = X be maximally monotone, let (x,u) € graA, and let
(Xn,un)nen be a sequence in X x X such that (x,,u,) — (x,u) and lim{(x,,u,) <
(x,u). Then (x,,,u,) — {x,u) and (x,u) € graA.

Theorem 2.5. (See also [2, Proposition 20.50].) Let A: X = X be maximally mono-
tone, let (x,u) € X x X, and let C and D be closed affine subspaces of X such that
D —D = (C—C)*. Furthermore, let (x,,u,),cn be a sequence in graA such that

(xn,un) = (x,u) and  (xn,un) — Poxp(xn,un) — (0,0). 2.7
Then (x,u) € (C x D)NgraA and (x,,un) — (x,u).

Proof. Set V = C — C, which is a closed linear subspace. Since x;,, — Pcx,, — 0, we
have Pcx, — x and thus x € C. Likewise, u € D and hence

C=x+V and D=u+V". (2.8)
It follows that
Pc:z—=Pyz+Pyix and Pp:ze Pyiz+Pru. 2.9)

Therefore, since Py and P, . are weakly continuous,

(Xnsttn) = (Py Xy + Py X, Pyity + PyLuy) (2.10a)
= (Pyxn, Prun) + (PyiXn, Pyouty) (2.10b)
= (Pyxn,un — Pyiun) + (X0 — Pyxn, Py uty) (2.10¢)
= (PyXy,un — (Ppuy — Pyu)) (2.104d)

+ (xn — (Pcxn — Pyix), Pyouy) (2.10e)

= (PyXn,un — Ppun) + (Pyx,, Pyu) (2.10f)

+ (xp — Pcxn, Py utn) + (Pyox, Pyouy) (2.10g)

— (Pyx,Pyu) + (Py1x, Py u) (2.10h)

= (x,u). (2.10)

The result now follows from Fact 2.4. |

Remark 2.6. Theorem 2.5 generalizes [1, Theorem 2], which corresponds to the
case when C is a closed linear subspace and D = C*. A referee pointed out that
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Theorem 2.5 may be obtained from [1, Theorem 2] by a translation argument. How-
ever, the above proof of Theorem 2.5 is different and much simpler than the proof
of [1, Theorem 2].

Corollary 2.7 (firm nonexpansiveness principle). Let F': X — X be firmly non-
expansive, let (z,),en be a sequence in X such that (z,),cn converges weakly to
z € X, suppose that Fz, — x € X, and that C and D are closed affine subspaces of
X such that D —D = (C—C)*, Fz, — PcFzy, — 0, (24 — F2zn) — Pp(z0 — Fz4) — 0.
Thenx € C,z€x+ D, and x = Fz.

Proof. Set A = F~! —Id so that J, = F. By (2.4), A is maximally monotone and

(Xn,tn)nen = (Fzn,2n — FZn)nen 2.11)

is a sequence in graA that converges weakly to (x,z — x). Thus, by Theorem 2.5,
x€C,z—x€ D, and z — x € Ax. Therefore, z € x+ Ax,ie., x =Jyz = Fz. |

Corollary 2.8 (nonexpansiveness principle). Let 7: X — X be nonexpansive, let
(zn)nen be a sequence in X such that z, — z, suppose that T'z, — y, and that C and
D are closed affine subspaces of X such that D —D = (C—C)*, z, + Tz, — Pczn —
PcTz, — 0,and 2, — T2y — Ppzn — Po(—Tz,) — 0. Then 1z+ 1y e ¢, Lz~ Iy e D,
andy="Tz.

Proof. Set F = %Id—i—%T, which is firmly nonexpansive. Then F'z,, — %Z-f— %y =X
Since Fc is affine, we get

Zn+T2n— Pezn — FcTzn — 0 (2.12a)
& 2+ T2n— 2(3Pczn+ 3PcT2,) — 0 (2.12b)
& 2+ T2y —2Pc(3z,+4T2,) = 0 (2.12¢)
& 2Fz, —2PcFz, — 0 (2.12d)
& Fz, — PcFz, — 0. (2.12¢)

Likewise, since z,, — Fz, = 2, — %zn — %Tz,, = %z,, — %Tz,,, we have

20— Tzn — Ppzn — Pp(—Tz,) — 0 (2.13a)
2y —Tzn —2(3Ppzn + APp(~Tz4)) = 0 (2.13b)
& 2(zp—Fzy) = 2Pp (320 + 3(—Tzn)) = 0 (2.13c)
< 20— Fzy— Pp(zy — Fz) — 0. (2.13d)

Thus, by Corollary 2.7, x € C,z € x+D,andx = Fz, i.e., %z—i— %y eC,ze %z—i— %y—i—
D, and %z—l— %y:Fz: %z—i— %Tz, ie., %z—i— %y eC, %z— %y €D,andy=Tz. N

Corollary 2.9 (classical demiclosedness principle). Let S be a nonempty closed
convex subset of X, let T: S — X be nonexpansive, let (z,),cn be a sequence in S
converging weakly to z, and suppose that z, — Tz, — x. Thenz — Tz = x.
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Proof. We may and do assume that S = X (otherwise, consider T o Ps instead of
T). Set y = z —x and note that Tz, — y. Now set C = X and D = {x/2}. Then
D-D={0}=X'=(X-X)"=(D-D)*, 2, + Tz, — Pcza — PcTz, = 0 and
z2n — T2y — Ppzn — Pp(—Tzp) = 2y — Tzp — x/2 — x/2 — 0. Corollary 2.8 implies
y=Tzie,z—x=Tz ]

2.3 Multi-Operator Demiclosedness Principles

Set
I={1,2,...,m}, wherem is an integer greater than or equal to 2. (2.14)
We shall work in the product Hilbert space
X =x! (2.15)

with induced inner product (X,y) = >, (x;,yi) and ||X|| = />, [[xi]|?, where
x = (x;)ies and y = (y;)ier denote generic elements in X.

We start with a multi-operator demiclosedness principle for firmly nonexpansive
mappings, which we derive from the corresponding two-operator version (Corol-
lary 2.7). A referee pointed out that Theorem 2.10 is also equivalent to [1, Corol-
lary 3] (see also [23, Lemma 5] for a Banach space extension of [1, Corollary 3]).

Theorem 2.10 (Multi-Operator Demiclosedness Principle for Firmly Nonex-
pansive Operators). Let (F;);c; be a family of firmly nonexpansive operators on
X, and let, foreach i € I, (zi,,,),,eN be a sequence in X such that for all i and j in /,

Zin — 7z and Fizip — x (2.16a)

> (@in—Fig) = —mx+ Y z (2.16b)
icel iel

Fizin—Fjzjn — 0. (2.16¢)

Then Fiz; = x, forevery i € I.
Proof. Set X = (x)ic, 2 = (zi)ier, (2n) = (Zin)nen, and C = {(»)ies | y € X }. Then
z, — z and C is a closed subspace of X with C* = {(y,-)iel | > icryi= O}. Fur-
thermore, we set D =z —x+ C* so that (C—C)t = Ct =D —D, and also
F: (yi)ie1 — (Fyi)ier- Then F is firmly nonexpansive on X, and Fz, — x. Now
(2.16c) implies
. 1
(Viel) Fain—— Z;szj,,, -0, (2.17)
je

which—when viewed in X—means that Fz,, — PcFz, — 0. Similarly, using (2.16b),

z,—F¥z,— Pp(z, — ¥z,) =2, —Fz,— P,_ 1 (2, —Fz,) (2.18a)
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=1z,—Fz, — (z—x—i—PCl(zn—an ))) (2.18b)

(Id Pci) (zn —Fz,) — (Id Pci) z—x) (2.18¢)

= Pc(z, — Fz,) — Pc(z — x) (2.18d)

= (% ; (zin— Fizin—7 +x))j€1 (2.18e)

— 0. (2.18f)

Therefore, by Corollary 2.7, x = Fz. |

Theorem 2.11 (Multi-Operator Demiclosedness Principle for Nonexpansive Op-
erators). Let (7;);c; be a family of nonexpansive operators on X, and let, for each
i €1, (xin)nen be a sequence in X such that for all i and jin I,

Zip — zi and Tizip — yi (2.19a)

Z (zin— Tizin) — Z (zi — i) (2.19b)
icl icl

Zin—2jn+ Tzin — Tjzjm — 0. (2.19¢)

Then T;z; = y;, foreachi € I.
Proof Set (Vi € I) F; = 11d+1T;. Then F; is firmly nonexpansive and Fiz;, —
1zi+ 1y, forevery i € I. By (2. 19c) 0« 2Fzin—2Fjzjn = (zip+ Tizin) — (2jn +

Tjzjn) — (zi+yi) —(zj+y;), for all i and j in I. It follows that x = %zi + %yi is
independent of i € I. Furthermore,

Z (Zi,n - FiZi,n) = Z % (Zi,n - TiZi,n) (2.20a)

iel iel
N Z % (Zi _ yi) (2.20b)

iel
=Y (3u—(x—1z)) (2.20¢)

iel
=-mx+) z. (2.20d)

icl

Therefore, the conclusion follows from Theorem 2.10. |

2.4 Application to Douglas-Rachford splitting

In this section, we assume that A and B are maximally monotone operators on X
such that
zer(A+B) = (A+B)"1(0) £ 2. (2.21)

We set



2 New Demiclosedness Principles for (firmly) nonexpansive operators 25

T = $1d+§RgRy = Jp(2Ja —1d) + (Id—Jy), (2.22)

which is the Douglas-Rachford splitting operator and where R4y = 2J4 — Id and
Rp = 2Jp —1d are the “reflected resolvents” already considered in Section 2.1. (The
term “reflected resolvent” is motivated by the fact that when J4 is a projection op-
erator, then Ry is the corresponding reflection.) See [2], [10] and [11] for further
information on this algorithm; and also [3] for some results for operators that are not
maximally monotone. One has (see [10, Lemma 2.6(iii)] or [2, Proposition 25.1(ii)])

Ja (Fix T) = zer(A+ B). (2.23)
Now let zp € X and define the sequence (z,)qen by
(VneN) g1 =Tz (2.24)

This sequence is very useful in determining a zero of A + B as the next result illus-
trates.

Fact 2.12 (Lions-Mercier). [18] The sequence (z,),en converges weakly to some
point z € X such that z € FixT and Jsz € zer(A + B). Moreover, the sequence
(JaZn)nen is bounded, and every weak cluster point of this sequence belongs to
zer(A+B).

Since Jy is in general not sequentially weakly continuous (see Example 2.1), it is
not obvious whether or not J4z, — J4z. However, recently Svaiter provided a rela-
tively complicated proof that in fact weak convergence does hold. As an application,
we rederive the most fundamental instance of his result with a considerably simpler
and more conceptual proof.

Fact 2.13 (Svaiter). [23] The sequence (J42,),en converges weakly to Jaz.

Proof. By Fact 2.12,
zn — z € FixT. (2.25)

Since Jy is (firmly) nonexpansive and (z,),cn is bounded, the sequence (Jaz;)nen
is bounded as well. Let x be an arbitrary weak cluster point of (J4z, )neN, Say

Jazg, — x € zer(A+B) (2.26)
by Fact 2.12. Set (Vn € N) y, = Ryz,. Then
Vi, = y=2x—z€X. 2.27)

Since the operator 7 is firmly nonexpansive and Fix T # &, it follows from [7] that
zn—Tzy — 0 (.e., T is “asymptotically regular”); thus,

Jazn —JIByn =20 — T2 — 0 (2.28)

and hence
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JByr, — x. (2.29)
Next,

0 < Jazk, — JBY, (2.30a)
= 2k, — Jazk, + Razk, — JIBYk, (2.30b)
= 2k, — JaZk, + Y, — IBYK, (2.30c)
—z+y-—2x (2.30d)

To summarize,
(zt,,9k,) — (z,¥) and  (Jazk,,JBYK,) — (%,%), (2.31a)
(2k, — Jazk,) + Ok, — IBYK,) — —2x+2+y=0, (2.31b)
Jazg, — JBYyK, — 0. (2.31¢)

By Theorem 2.10, J4z = Jgy = x. Hence J4zx, — Jaz. Since x was an arbitrary weak
cluster point of the bounded sequence (J4z, )nen, We conclude that Jyz, — Jaz. W

Motivated by a referee’s comment, let us turn towards inexact iterations of 7.
The following result underlines the usefulness of the multi-operator demiclosedness
principle.

Theorem 2.14. Suppose that (z,),cn is a sequence in X such that z, — Tz, — 0 and
Zn — z, Where z € FixT. Then Jyz, — Jaz.

Proof. Argue exactly as in the proof of Fact 2.13. ]
We now present a prototypical result on inexact iterations; see [9], [10], [11],
[13], and [23] for many more results in this direction as well as [2] and also [12].

Corollary 2.15. Suppose that (z,),en and (e, )qen are sequences in X such that

> lleall <+ee and  (VREN) zyp1 =en+ Tz (2.32)
neN

Then there exists z € Fix T such that z;, — z and J4z, — Jaz.

Proof. Combettes’ [9, Proposition 4.2(ii)] yields z, — Tz, — 0 while the existence
of z € Fix T such that z, — z is guaranteed by his [9, Theorem 5.2(i)]. Now apply
Theorem 2.14. ]
Unfortunately, the author is unaware of any existing actual numerical implemen-
tation guaranteeing summable errors; however, these theoretical results certainly
increase confidence in the numerical stability of the Douglas-Rachford algorithm.
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